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Abstract

This study investigates a multi-objective minimum cost flow with probabilistic objective function coefficients
(Poss- MOMCEF). Under using the o —cut set of the possibilistic variables, the Poss-MOMCF problem is
converted into the corresponding (a-MOMCEF) and hence into the (P-MOMCEF) problem. A necessary and
sufficient condition for investigating the a —possibly optimal solution is established. A fuzzy goal programming
approach is applied to obtain the a —parametric optimal compromise solution. The stability set of the first kid
under the concept of a—possibly optimal solution is characterized and analyzed without differentiability.
Finally, a numerical example is given in the sake of the paper to clarify the methodology.

Keywords: Optimization problem, Minimum cost flow, Multi-objective optimization, Possibilistic vatiables,
Fuzzy goal programming approach, a —possibly optimal solution, Goal programming, Decision
maker, Compromise solution, Parametric analysis.

1|Introduction

The Minimum Cost Flow (MCF) problem is a general form of the network flow problem, which aims to
determine the east coast of the shipment of a commodity during a capacitated network to achieve demands
at certain nodes from supplies at other nodes. The study of MCF can be investigated to enormous other
network problems, for example, maximum flow, assignment, shortest path, transportation, transshipment
problems, multi-stage production inventory planning, nurse scheduling, project assignment, mold allocation,
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college course assignment, and automobile routing [1]-[4]. Hu et al. [5] proposed an algorithm that holds the
complementarity slackness at each iteration with the help of a dual approach that is node by updating node
potential iteratively; they found an augmenting path.

Multi-objective MCF problems have been studied in the literature [0], [7]. Bazaraa et al. [§] applied the
parametric analysis in large-scale linear programming. Steuer [9] decomposed the parametric space of convex
combination parametric programming using the parametric analysis. Luhandjula [10] studied the multi-
objective linear problem having coefficients represented by possibilistic data. Lee and Moore [11] and
Hemaida and Kwak [12] reviewed the Multi-Objective Transportation Problem (MOTP) and applied Goal
Programming (GP) to obtain a satisfactory solution. Tamiz et al. [13] and Romero [14] discussed the
shortcomings of GP. Many authors applied a fuzzy programming approach to solving MOTP [15]-[22]. Cui
et al. [23] proposed a novel general MCF model for optimizing the distribution pattern of evacuation flow
and rescue flow on the same network by introducing the conflict cost.

This paper introduces a multi-objective MCF problem with probabilistic variables. The parametric study
corresponding to the a —possibly optimal solution is defined and determined without differentiability.

The above literature analysis clearly shows that the proposed study is novel, more generalized, and flexible
compared to existing relevant literature. It has the distinction due to the inclusion of the following features
for the first time in literature:

1. Possibilistic multi-objective MCF.
II.  Possibilistic in all of the coefficients of the objective functions.
III.  a-pareto optimal solution-based scenario.
IV. The stability set of the first kind without differentiability.

The rest of the paper is outlined as follows.
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2| Preliminaries

This section introduces some basic concepts and results related to possibilistic variables and its a —level set,
possibilistic distribution, and support.

Definition 1 ([24], [25]). A possibilistic variable u on V is a variable characterized by a possibility
distributionp, (v), which means that if u is a variable taking values in V, then p, corresponding to u may be
viewed as a fuzzy constraint. Such a distribution is characterized by a possibility distribution function p,: V —
[0, 1], which is associated with each v € V, the degtee of compatibility of u with the realization v € V. If V is
a Cartesian product of V3, V,, ..., Vy, then p, (vq, vy, ..., vy) is an n —ary possibility distribution, i.c.,

a () = (Huy (V) By (V2), o (V) ).

Definition 2. The a —level set of possibilistic variable u is
u, ={veVv:u,(v) = al

Definition 3 ([24]). A possibility distribution p, on V is said to be convex if
me(yv + (1 = y)v?) = min(p, (v1), py(v?)), for all v, v2 € V,y € [0, 1].

Definition 4 ([24]). The support of a possibilistic variable u is

Supp (u) = {V eV: sup pu(v) >0, forall § > 0}, where Ng(y) ={veVe:|v-y| <
VENs(Y)

8}.

3 | Problem Statement and Solution Concepts

Consider the following possibilistic multi-objective MCF problem.

(Poss MOMCF) min F,.(x,€") =Y i jyem & xij,r = 1,2, ..., K,

S. t.
x;j — Z xi; = b(i), foralli €V,
X € X =1 j: (ipem k:(kDeM
xj; € Uy, forall (i,j) € M, x;; = 0, forall (i,j) € M,
where

M: The set of arcs (i, ),

V: The set of nodes,

xjj: The decision variable representing the flow through the arc (i, ),

U; = [lij, ui]-]: Capacity of arc (i, ]),

Eir]-: The possibilistic penalty per unit of flow through the arc (i,j) in the Eirj objective functionr = 1,2, ..., K,

b(i): The net flow generated at node i, the values of b(i) being positive, zero, or negative classifies node i as
a supply node, transshipment node, or demand node, respectively.
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It is noted that the parameters & is vectors of possibilistic variables on R, which is characterized by possibility

distributions Me, - It is assumed that all possibility distributions in the Poss MOMCEF problem are convex

cones having compact supports and u, = supp(u).

Definition 5. x* € G is an a —possibly efficient solution for Poss MOMCEF if there is no x € G such that

Fl(X,ﬁl) S Fl(i,él),Fz(X,Ez) S Fz(ﬁ,Ez),
Poss | .., Froqy (€1 < Fo_(®,¢71Y),F(x¢") < F&RT), |>a §))
Fra1 (6,1 < Frpy R €Y, ., Fe(x,€X) < Fr(3,E¥)

Based on the extension principle, we have

Fl(X,él) < Fl(i,él),Fz(X,Ez) < Fz(ﬁ,az),
Poss | ..,Fr 1 (x,8Y) < F R, F(x,¢) < F.(]TD),
Frea (3,871 < Frp R T, L, F(x,T5) < F (R, 86

)
- g . ( Mer (), pez (€2), oo, Har-1(c™7Y), >
- u min ,

(ct, c?,.., cK)eE Mer (Cr)' Mer+1 (Cr+1)' - Mgk (CK)

where

(Cll CZ' ey CK): Fl(X)E]-) < Fl()’z) 61)' Fz(X,EZ) < FZ()?;’CZ);
E= v, Fro (5,8 < Foo R e, Fa(x 89 < FRED, | 3
Fra1 (68 < Frpy R E™Y), ., Fi(x,€X) < F(3,E¥)

Herr = 1,2, ..., K are arcs K(i,j) possibly distributions.

4| Characterization of @ —Possibly Efficient Solution for Poss MOMCF
Problem

For investigating the o —possibly efficient solutions for the Poss MOMCEF problem, let us consider the
o —parametric multi-objective MCF problem

(a« =PMOMCF) min F.(x,c") =X jpemcijXij, T = 1,2, ..., K
s.t.
Xij — Z xi; = b(i), foralli €V, ©)
X €X =1 j(jeM k:(k,i)eEM
Xjj €Uy, forall (i,j) € M,x;; = 0, forall (i,j) € M,cf; € (e{j)a,

where, (Eir]-)a is the a —cut of the possibilistic variable cj;. Based on the convexity assumption e, (Cirj), (,j) is

arc, r = 1,K are real intervals denoted by [(c{j_)a, (cirj+ a]. Let @y be the set of arcs (i,j) with cf; €

[(c{j')a, (c{;’)a ] ,r=1,K. The « —=PMOMCF problem can be rewritten as

min Fr.(x,¢") =Xijem Cirj xij,r=1,2,..,K

s.t.

®)

x €X, andc" € @}, r =1,K

Problem (5) can be rewritten as
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min F.(x,¢") =Y jem(c (O +1cj (D)x5,r=1,2,...,K
s.t. (6)
x €X,andc’ € %, r =1,K, T € [0,1].

Definition 6. x* € G is an a —parametric efficient solution for a —=PMOMCF problem if there is no x €
G and ¢’ € @, such that F.(x,c") < F.(x*,¢c); vr = 1,K and F.(x,c") < F.(x* c") holds for at least one r.

Definition 7 ([26]). A feasible vector Y € X is said to be a—parametric compromise solution of
o« —PMOMCEF if and only if Y° € H and F(Y) < Ayex F(Y), where A stands for the minimum, and H is the set
of o —parametric efficient solutions.

Definition 8 ([15]). If the @ —parametric compromise solution satisfies the decision makers' preference, the
solution is called a —preferred parametric compromise solution.

Theorem 1. x* € G is an a —possibly efficient solution for the Poss MOMCF problem if and only if
a —parametric efficient solution for « =PMOMCEF problem.

Proof: (see [24]).
5| Fuzzy Goal Programming Approach for Solving Problem (5)

Based on the three concepts of fuzzy goals (G), fuzzy constraints (C), and fuzzy decision (D) introduced by
Bellman and Zadeh [27], the fuzzy decision is defined as

D=CnG. )
Then
up (x) = min(pc (), p(x)). ®

With the membership Function (§), let us describe the fuzzy goals for the problem under study. The linear
membership function (MP) [28] is given by

Op Fr(X»Cr) S Lr'
Ur—Fr(x, r

Ur( Fr(X,Cr)) = ﬁ' Lr < Fr(X'Cr) < UI" (9)
1, F.(x,c") = U,

where, Ly, and U, are the lower and upper bounds of F.(x, c"), L # Uy, and can be calculated as

L, = min F.(x,c"), and U, = max F.(x,c"), r=1,2,..,K 10
x X (10)
By applying the fuzzy Decision (8) and membership Function (9), a —=PMOMCEF can be rewritten as

max mi_nK (ur( Fr(x,cr))),
r=1,
s.t. (11)

x€X, andc" € ¢f,r=1,K

Problem (17) can be converted into well-defined linear programming using the auxiliary variable 9 as

max 9 (12)
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s.t.

9 < p(Fr(xch))r=1K

x € X, andc' € (p&,rzl,_K.
In order to formulate Problem (12) as a GP [29], we introduce the negative and positive deviational variables.

F.(x,c")—vt+vi =G,r=1K 13)

where, G, is the aspiration level of the objective function r. Now, Problems (12) is reformulated as a mixed

integer GP problem as

max 9

s.t.

0< ur( Fr(x,cr)),r =1,K

14
x €X, andc’ € g, r=1,K, (14)

F.(x,c") —v} +vy =G,

vi,vi>0r=1K,0<9<1.

IA

-

6| Solution Procedure

In this section, a solution procedure for solving the Poss MOMCEF problem can be summarized in the

following steps:
Step 1. Consider the Poss MOMCE problem.

Step 2. Solve each one of the objective function and continue this process K times. If all the resulting solutions

are equal, select one of them and go to Step 5.
Step 3. Define the membership function of every one of the objectives and also the aspiration level.
Step 4. Construct Problens (13), then solve it using any computer package (Say, GAMS).

Step 5. Stop and then determine the stability set of the first kind S(x’,¢") as

Wi (Clrj - (Cirj+ a) =0, forall arc (i,j),r = 1,K,

Pij ((Cirj_)a - Clr,) =0, forall arc(i,j),r = 1,K.

7 | Numerical Example

Consider the following problem:
min F; (x,¢') = X jyem & Xij»

min F,(x,c?) = z 512]- Xij,
(1j)eM (15)
s.t.

X12 + X13 = 10,

X4 + X25 —X12 =0,
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X34 + X35 — Xq3 = 20,

X45 — X24 — X34 = —15,

—Xz5 — X35 — X45 = —15,

X12 € [0,20],%x43 € [0,10],x,4 € [0, 20],x,5 € [0,10],
X34 € [0,30], %35 € [0,25], %45 € [0,50].

b2:0

b3 =20
Fig. 2. A network with 5 nodes and 7 arcs ([6]).

The possibilistic variables Eili, and 612]- are represented by a possibility distributions Me (.),and Mez () In Fig 1

and Fjg 2. The supports of the possibilistic variables ¢, and 612]- are[3,12], and [2,10]. Hence, for the

ij>
parametric functionsO < T < 1, the supports are

Supp () =1+49, ps, (1) =ps,(5) =0,

Supp () = 10 — 49,  pg,(10) = p;,(6) = 0.

Fig. 3. Possibility distributions p(.) for 511]

~1
et

R

Fig. 4. Possibility distributions p(.) for Elzl
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Supp (€1) =3 +4%, g, (3) = g, () = 0,
Supp (E{3) = 6 — 21, Mer, (4) = pa (6) = 0,
Supp (€34) =5 + 41, Hey, (5) = g, (9) = 0,
Supp (€35) = 7 + 1, te1, (7) = 1, (8) = 0,
Supp (€34) =9 + 21, Mey, (9) = pg, (11) = 0,
Supp (€55) =10+ 21,  pe1 (10) = pey (12) =0,
Supp (€3s) =1+, Mer (1) = per (2) =0,
Supp (€f,) = 13 — 4, iez, (13) = ez (9) =0,
Supp (€f3) = 4 + 41, Mez, (4) = ez, (8) =0,
Supp (¢3,) = 7 — 41, Mz, (7) = ez, (3) = 0,
Supp (&) =4 +4%, g, (8) = g, (8) = 0,
Supp (€3,) =7 — 21, He§4(5) = He§4(7) =0,
Supp (€35) = 4 + 21, Hez (4) = pez_(6) = 0,
Supp (¢3s) = 10 — 4, Hez (6) = pez_(10) = 0.

Min F;(t) =(3 + 41)x1, + (6 — 2T)X13 + (5 + 41)Xp4 + (7 + D)xy5 + (9 + 2T)X3,
+(10 + 217)x35 + (1 + T)Xys5,
Min F, (1) =(13 — 40)X1, + (4 + 4D)x13 + (7 — 4D)xp4 + (4 + 40)X5 + (7 — 2T)X34
+(4 + 27)x35 + (10 — 41)Xys,
s.t.
X12 +Xq3 = 10,
X24 X5 —X12 = 0, (16)
X34 + X35 — X33 = 20,
X45 — X24 — X34 = —15,
—Xz5 — X35 — X45 = —15,
%15 € [0,20], %45 € [0,10], X, € [0,20], x5 € [0,10],
X34 € [0,30],x35 € [0,25],x45 € [0,50], and T € [0,1].

L, = 265, U, = 375,L, = 250, U, = 425,

At T =0, the GP for the problem becomes

max 9

S. t.

3Xq5 + 6Xq3 + 5X94 + 7Xy5 + 9X34 + 10x35 + X45 + 9110 < 375,

13x15 + 4Xq3 + 7Xp4 + 4%55 + 7X34 + 4%X35 + 10x,5 + 9175 < 425, an
Xq2 + X413 = 10,

X4 + X5 —X12 =0,
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X34 t X35 — X33 = 20,
X45 — X24 — X34 = —15,
—Xz5 — X35 — X45 = —15,
%15 € [0,20], %13 € [0,10], %54 € [0,20], %,5 € [0,10],
X34 € [0,30],x35 € [0,25],x45 € [0,50],
3X15 + 6Xq3 + 5Xp4 + 7Xp5 + X34 + 10X35 + X4 — Vi + Vi = 265,
1345 + 4X13 + 7Xg4 + 4X35 + 7Xg4 + 4X35 + 10%,5 — V5 +v; = 250,

vi,vi,vy,v; = and 9 € [0,1].

Using the GINO software, the optimal compromise solution is

X1p = Xp4 = 8.56, X153 = 1.44,X,5 = X45 = 0, X34 = 6.44,%X55 = 15,v] = 20.11,
vi =v; =0,vi =32,9 =0.82.

To determine the stability set S (X;Z,X;4,X°13,X;5, Xys ) X34, X35, ciljo, cizjo),
0153 = (ci)o) = 0,035(6 = (c})o) = 0, k4 (5 — (c3])o) = 0, ws (7 - (c2),) =0,

0349 = (c3o) = 0, w35 (10 = (c3F), ) = 0,wis (1 — (k) ) = 0, w3, (13 -
(ci)o) =0,

03%3(4 - (C%;)o) =0, 0354(7 - (C%Z)o) =0, (0%5 (4 - (C%;)O) =0, w§4(7 - (ng{)o) =
0,035 (4 - (c2),) = 0,03 (10 - (cZ2),) = 0,
Wiz, O3, W34 W35, W34, W35, Vg5, Wiz, BTz, W34, W5, W34, W5, WEs = 0.
We getI; € {1,2}.
For I; = 0, w},, wl3, W34, 035, 034 W35, Whs, W5, W3, W54, W35, W34, W35, W55 = 0. Then

o o o o o o o 1O 20
Si, (X12;X24' X13,X25, X45 X34, X35, Cjj , Cjj )
cfi: (c13)0 = 3, (c13)o 2 6,(cz1)0 = 5,
_ (c32)y 27 (ciDo 29, (c3%), 2 10,(c3¥), = 1, (cf)o = 13,

2+ 2+ 2+ 2+ 2+ 2+
()0 24 (c51)o27,(c58), 24, (510 27,(c3E), 2 4,(c5%), 2 10
For I = {1}, wi,, 03, 034, W35, 034, 35, W35 > 0; 055, i3, w54, W35, w54, 035, w5 = 0. Then

o o o o o o o 10 20
Sy, (XlzvX24' X13,X25, X45,X34, X35, Cjj » Cjj )
Cirj5 (c13)o = 3,(c13)o = 6,(c34)0 = 5,
_ (c38), = 7. (3o = 9,(c3d), = 10,(cid), = L (cF)o = 13,

(o= 4,(c3D0 2 7,(c38), 24, (5o = 7,(c38), 2 4, (c32), = 10

—

— 1 01 o1 1 1 1 1 .02 2 2 2 2 22
For I3 = {2}, 01,, 013, 034, 035, 034, W35, Wg5 = 0; 0Ty, 013, 034, W35, W34, 035, s > 0. Then
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o o o o o o ) o 20
SI3 (X12:X24: X13,X25, X45 'X34,X35,C11]- » Cjj )
cii: (c13)0 = 3,(c13)0 = 6,(c31)0 = 5,
_ (c32), 27 (3o 2 9,(c5%), 2 10,(c32), 2 1, (cF)o = 13,

2+ _ 2+ _ 2+ _ 2+ _ 2+ _ 2+ —
(cf3)o =4, (c33)0 = 7, (c52 )0 =4,(c35)0 =7, (Css)o =4, (C45)0 =10
For Iy = {1,2}, 0l,, i3, )4, W35, Wig, W35, Wis > 0; 055, 033, 034, 035, 034, 035, 055 > 0. Then

S1, (X;Z:X;zp X13,X25, Xas 'X°34'X°35vciljo' 0121) =
Cirj: (c13)0 = 3,(ci3)o = 6,(cz4)o = 5,
(c38), =7.(c31)o = 9,(cid), =10,(cif), = L (c)o = 13,
(c)o =4, (c3)0 = 7,(c33), = 4, (3o = 7,(c52),, = 4, (c32),, = 10
Hence
S (X;Z'X024'X;3'X°25' Xa5 ) X34, X35, Ciljo; C121)
4

_ o o o o o o o 10 2°
=1 )5S, (X12'X24'X13'X25' X455 X34, X35, Cjj , Cjj )
P=1

8 | Discussion
In this section, the proposed study is compared with some existing relevant literature to carve out the

advantageous aspect of the proposed research. Table 1 presents this comparison under specific parameters.
It's evident that the result obtained by the proposed approach is less than that obtained by Alhatbi et al. [30].

Table 1. Comparisons of different researcher's contributions.

Author's Name o —Efficient o —Parametric Fuzzy Goal Stability Set of Environment
Solution Compromise Solution  Programming  the First Kind

Ghatee and Hashemi X X X X Fuzzy

[31]

Bustos et al. [32] X X X X Stochastic

Alharbi et al. [30] V \/ \/ y Fuzzy

Our proposed V \/ N y Possibilistic

approach

9| Conclusion

This paper introduces a multi-objective MCF problem with possibilistic variables. A fuzzy GP approach has
been applied to the possibilistic MCF problem. The advantage of this approach is the utilization to allow
conflicting goals and permit the consideration of the decision environment. The GAMS software has been
applied to obtain the solution. The parametric study corresponding to the a —possibly optimal solution is
defined and determined without differentiability. Future work may include extending this study to other fuzzy-
like structures (i. e., interval-valued fuzzy set, Neutrosophic set, Pythagorean fuzzy set, Spherical fuzzy set,
etc., with more discussion and suggestive comments.
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