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Abstract

This sudy aims to compare the pricing error of Barles-Soner and Bakstein-Howison equation, in the S&P500 index option market. Option
pricing equations are solved using Lie algebra. Using the historical data of the S&P500 index from August 18, 2022, to August 18, 2023, the
price of this asset has been calculated with each model considered. In the sequel, the obtained data are classified using multilayer Perceptron
and Probabilistic neural networks. The networks show which model is closest to the real market. In addition, the prices obtained from Lie
algebra have been compared with the actual values of the options in the market. PNN and MLP have been tested with statistical data after
August 18, 2023. Two assumed models were priced with the same data and then compared with the real market. In testing the networks, MLP
put 60% of the test data and PNN put all the data into the Barels-Soner category. By calculating the difference between the results of the Lie
groups and the real data, 80% of the data were less different from the Barrels-Soner model. With the results obtained in S&P option pricing,
the Barels-Soner model has less error than other models.

Keywords: Nonlinear Markets, Lie Groups, Neural Networks, Options.

Introduction
Options are created to manage risk, control, and prevent loss. In trading, one party's gain means the other party's loss. To eliminate
these gains and losses, option pricing must be fair. In other words, the price must be determined so that neither party suffers a loss. In
this study, two nonlinear models Barles-Soner (Barles, 1998) and Bakstein-Howison (Bakstein, 2003) were used. By including
transaction costs, these two models are closer to market reality than the Black-Scholes model. According to the two models, European
option pricing was performed using Lie and symmetric groups. In this method, by order reduction, the partial differential equation is
converted into a solvable ordinary differential equation. After evaluating two nonlinear Black-Scholes models, their responses are
classified using a Probabilistic neural network (Specht, 1990) and a multilayer Perceptron, and it is predicted that the market is closer
to which model.

In the section part, after introducing the two nonlinear Black-Scholes models, the basic concepts, and theoretical foundations of
Lie groups, Probabilistic neural networks, and Perceptron are stated. In the second part, the method used in the research is explained.
In this section, after finding the exact solutions of the equations of Barles-Soner (1998) and Bakstein-Howison (2003), the European
the S&P500 index option is priced. The findings obtained from this pricing are presented in the next section and finally, the results
obtained in this research are presented in the last section.
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Materials and Methods

The pricing of the European option on the S&P500 index has been done using false groups, based on the nonlinear equations of Barles-
Soner (1998) and Bakstein-Howison (2003). Next, Perceptron and Probabilistic neural networks were explained. To find the exact
solution, Lie and symmetry groups were used. In this method, by order reduction, the partial differential equations are converted into
ordinary differential equations. Then, an exact solution of this equation is provided by solving ordinary differential equations. Then by
flowing the solutions, other new solutions were found (Dastranj & Hejazi, 2017).

Neural networks consist of three layers. The three main layers of all models are the input layer, hidden layer, and output layer. In
some models, the hidden layer is divided into multiple layers. Each layer has several nodes whose number is tested in the hidden layer
by trial and error. All nodes in each layer are connected to the next and previous layers. This relationship is established by the weights
being multiplied by the previous layer's output, and the result is considered as the input of the current layer. The most important process
in a neural network is learning and training the network. The goal of training the network is to accurately determine the weights so that
the network output is closer to the true value of the output (Hagan, 1997).

After pricing with the solutions obtained from Lie algebra, we classify the data using neural networks to determine which model
is closest to the actual market price.

Findings
Table 1 presents the results of market model prediction by comparing Lie Algebra Pricing, PNN, and MLP.
Table 1. Market Model Prediction by Comparing Lie Algebra Pricing, PNN, and MLP

Market Barles- Bakstein- Lie

price Soner Error Howison Error algebra PNN MLP
4467.71  0.087649 2488.09 2597.26  109.17 2644.69 156.60
4404.33  0.087302 2446.57 2596.79  150.22 2607.17 160.60
4518.44 0.134387 2511.83 2602.91 91.08 2674.72 162.89
4399.77  0.114173 2379.87 2599.80  219.93 2604.47 224.60
4405.71  0.186508 2405 2608.06  203.06 2607.99 202.99
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In Table 1, x is the S&P500 index and t is the remaining time until the option expires. Using the following equation and for the
values of x and t presented in Table 1, pricing was done under the Barles-Soner (1998) model, the result of which is presented in the
column related to Barles-Soner (1998).

rt—e 2 2
[_ le—rT ln(xe—rte) + }ln(xerte(—1+exp(—e))) e~ Tr+e _ 1 t (_ J_ + T> e Tr+e + %(_0_ + T> te"Tr—e
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In the Bakstein-Howison column, the pricing solutions of the Bakstein-Howison (2003) are described with the following equation.
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Finally, the differences between the solutions under the two mentioned models have been compared with the real market prices, and the
results are presented in the column related to Lie algebra. When the Barles-Soner (1998) price is closer to the market price, zero is placed in
the table, and if the Bakstein-Howison (2003) price is close to it, one is placed. PNN and MLP columns show the results of Probabilistic neural
networks and multilayer Perceptron, respectively. In these two columns, the one in the table indicates that the data is in the Bakstein-Howison
(2003) category, and the zero is used to indicate that the data belongs to the Barles-Soner (1998) category.

Discussion and Conclusions

First, using Lie and symmetric groups for two nonlinear models, Barles-Soner (1998) and Bakstein-Howison (2003), European option
pricing was performed. After pricing the S&P500 index between August 18, 2022, and August 18, 2023, a multi-layer perceptron and
probabilistic neural network were trained and the data were classified into two classes, Barles -Soner (1998) and Bakstein-Howison
(2003). Then, to find the model closest to the real market, the network is tested with 5 data points. Additionally, the answers obtained
from the Lie algebra are evaluated using test data, and their differences from the real data are calculated to determine which answer is
closest to the real data. The Perceptron neural network assumes that 3 out of 5 data items belong to the Barles-Soner (1998) model and
the Probabilistic neural network places those 5 data items into the Barles-Soner (1998) category. By calculating the difference between
the Lie group's response and the actual market price, 4 out of 5 data are close to the Barles-Soner (1998) model. Therefore, according
to the results obtained, the S&P500 options market with a maturity of one year and an exercise price of 2,000 USD is close to the
Barles-Soner (1998) model.
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Figure (1) Learning performance of multilayer Perceptron neural network
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(Mao et al., 2000) Jl mas 85 IS gl (V) K2
Figure (2) Overview of the Probabilistic neural network
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Figure (3) S&P500 option pricing for 6 = 0/0169863,r = 0/0444, K = 2000, T =1,anda = p = 0/1
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Figure (4) Comparing the S&P500 index with equation (45)
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Figure (5) Classification of training data
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Table (2) Market model prediction by comparing Lie algebra pricing, Probabilistic neural network,
and multilayer Perceptron
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