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Purpose: The development and complexity of new markets, on the one hand, and economic 

constraints, on the other hand, have made it an inevitable necessity to pay attention to the two 

principles of providing a desirable and reliable level of service to customers and reducing supply and 

maintenance costs. Therefore, the need to study the methods that enable the production system to deal 

with these issues is felt more than ever. Just-In-Time production strategy has been mentioned as one 

of the appropriate approaches to balance between the two principles. On the other hand, the issue of 

sequencing and scheduling of operations in batch processing systems has been widely considered in 

the last two decades. A batch processing machine can process a batch of jobs simultaneously, which 

reduces the machine's set-up time and facilitates material flow management. This study aims to 

minimize the total weighted earliness and tardiness penalties of jobs with non-identical sizes on the 

batch processing machine, considering that the due date is tight. 

Design/methodology/approach: Mathematical programming has been used to model the problem. A 

mixed integer linear programming model has been proposed for the research problem. Since the 

problem is shown to be NP-hard, heuristic and meta-heuristic methods have been developed to find 

near-optimal solutions for industrial-sized instances. Also, a dynamic programming approach has 

been proposed to find the optimal scheduling of a predetermined batch of jobs.  
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Findings: The dynamic programming algorithm requires a high computational effort, and the solution 

time by this algorithm increases significantly when the number of jobs increases. However, the 

obtained results indicated that the proposed heuristic algorithms lead to good performance with less 

time and in practice, such algorithms can be used for real applications and large-size instances. The 

average relative deviation of the proposed particle swarm algorithm is less than 1%, and the value of 

this index for the proposed heuristic algorithm is 1.78%. 

Research implications: Examining the two investigated methods for batching the jobs, one based on 

a heuristic algorithm and the other with the help of solving a mathematical model, indicated no 

significant difference between these two methods. Therefore, if necessary, the heuristic algorithm 

with less computational effort can be used without losing the quality of the solution. 

Practical implications: According to the findings, developing efficient heuristic and meta-heuristic 

algorithms for batch processing machine scheduling in just-in-time production systems can reduce 

production costs.  

Originality/value: For the first  the heuristic and meta-heuristic algorithms were proposed for the 

problem of scheduling a batch processing machine considering a tight due date in a just-in-time 

production system. A dynamic programming approach was also proposed for the first time to find the 

optimal scheduling of a predetermined batch of jobs. 

Keywords: Batch processing machine, Just-In-Time, Tight due date, Dynamic programming, 

Heuristic algorithm, Particle swarm optimization 

 

 

 

 



 
 ���� ���	
�� � 
	��� ����
� �� �����15 ����� �1 ���	� �36 ���  �1403   

 :�$����23/11/1401  :'��(�29/12/1402  *89-112 

https://doi.org/10.22108/POM.2024.136793.1500 

 

(������ 	
��
)  

��
� ���� �� ��
�� ����� �� ���� !� "���#�� 
$% &�'%��  #(! �� �� )�*�+�

$'% �,$
 ��-#.�/ �0!��  
 

�����1 ���21*5 �$� ����6�� �7� ��892  

  
  

1-  �����-./0/��/ �0�1�. �0�1�. ��234/� ��.
1�� �1$ �
534/� �6��17 �.
1�� ���8 ،taha_keshavarz@semnan.ac.ir  
2-  
��/ 9�1���: ��234/� ��.
1�� �1$ �
534/� �6��17 �.
1�� ���8�;� ��;�0/��/ � ،hamidreza.zarabadipour@gmail.com  

 

  
;<�=�: � � <=.��	>	8
� ���/?� @ 
A�
  ?/�B �. ��
C� ��� ��@ ��D-E/@ �. ?/@ ���2� �
� FG. 
4/    <HA�� ��

I/�/ J7/ �� < K �
L�;� ���: � M�
N� ��<1 �� ����O < � M�1-A/ (��4�� 
G��J ��� '�24 .
4��	
 Q�21� � ?/  <
�A
�������5@  F.�1�@/�  4?/��K �	0�  J7/ �����  .�./ �
��R	1>�� S� �� ��K L/ H	��  <H   =� T�HO�� 	H	R  �/�H��  �

0��? 
1 @ 
��	�� . ��	U-V ��@ ���	
 <-��G4/ /@ <  .� ��S	=�  <A�� �
� <-��G4/ '?/��� ��2-.� .�./ /�@  UH�   0�H�?
�B  <-��G4/ /�����: ?/   '?/�����  
1:/ ��R W1� 0��? ���: FG. ��/	U 1>�� � ��2-.�	R  �HV�	J   
H� �H�/ ������ 

�A�0� � �/��� �����O�X ����� Y
� . �:	<1 ?�.@ 4?� T��Z�� Z=�	J � �[L	� ����:�� ?/
4/ � \ ]	 ��0�V5   �H   
���	R ^�C� �  �<-��G4/ '?/��� 0��: �C� 
����J �;4�B 0��? T��� 0��? <  
1 @ �-./� �� �@  ��� _H`C� H	
   Q�H21� 

/ �� .�./�R `C�	_ �� �����5 /� @ <-��G4/ ?�.@  �����:�5� 1-G��  � �B ��5- / '��@ � ���2@ 1-G��  JX �  H�B 
� a
��O���  .�� � �
� �./b �/�� cd.� <-��G4/  B�: <  ���B ��2�/�U- <��4�  ��;@ ���� @/�  ��� _`C�	
 Q�21�  �
 R		=�1>�� .�./ �
�	R �B ��2�/�U- ��5- /@  ��B ��2�/�U- ��5- //�$@ �1G� � @ ��2�/�U- /�  �/�e Q�X�?/@   JHX

V� J��:<
f  .�./ �
� <I/�/�-4�g ��G.�C�� :�X�      GHV4 Y/�HC4/ hH.�-� <H: �H./ 0i ?/�  ��H2�/�U-   �/�e Q�HX�?/
�	���13�@  ?/ �-�:1
7�� / �/
`� ��R /�  jL��@ ��2�/�U- ��5- /@ <I/�/ �
� 78/1
7�� �./.  

=?�� ��� @1���: ���	R ��� �<-��G4/ '?/���	
 �C� 
��� �Q�21� �J �;4 H��B  <H��4�  � H�;@ �� H���  ��H2�/�U-  ��H5- /@� 
��2�/�U- �/�e Q�X�?/  

                                                             
*

 �a�fV� �
1V��4 9677-7343-0002-0000Orcid:  
 

2981-0329/ © University of Isfahan  

-https://creativecommons.org/licenses/byND 4.0 License (-NC-BY-This is an open access article under the CC

)nd/4.0/-nc  

   



92 / �� ����� ���� ���	
�� � 
	��� ����
�15 ����� �1 ��	�� �36 � ��� 1403 

1- �
��
  

  0�``C� ?/ @��	V  0�1:��<  .� �� ��: �
�	6 0��? <  l� �� JI�V�
1 @ ���	R ��@  <-H��G4/ '?/���   RH�/ <H  �
���: <A�� ��/�� .
4/ �� ?/	R �� �@`C�	��` �	3	R �  �� 8	
4�\ S	m ���-V8 /@ F��N� ?/ 
4// �� .�R  =H. �n � 

�
� �./ U3o �� ?/
4/@ 'p� ?/ ��@ Q�Z4/ �
�  ��A ���L�1� =��N� � \�� �� </�R  <H  .��� <I/�/ T�O��   ��HS

:�  ?/ @��	V ����� ��@ Q�Z4/ �
� / ���R �?	<1� I/�/ <  l� ��K ��2�/�U- ���� /� @ �R-$� �  �/
`�	<1  H�� �;4 H�B 

�  < 	1K =�	�� .�./ ���  ��5
��  
 	�  ?/ a�. ��Z1� ?/R	-Vn4 `C�	��` ?�X ��\ 0��?
1 @ ���	R�� ����(8 .-Vn4	R ���: �� �� /�R �?	 <H1� 

 	�-3 Y�N=� <  �:	<1?�.@ 0��? �5�	J � ;��1K L[�	�  .�./ ��� <  8��:	�@ '�� ��@ ��5- /@  <H    ��HW1� H�R-$� 
�;4 M/�A�B �  < 	1<  0��? ���1-$��(� ��/ �	� /�R ��f�@ 
� ������ �17 �� 6 �1� � 0��?��6 / �� 
� q��  H�R 

�� �L/�/ �� T�O�� K60 �	�p@ ��� T�O�� < �  /�H @  / 0/�2H3���� H�R    a
H  �?�HX ��H�   RH.)�  0/��H5��1� 
2003-Vn4 .(	R 3���� �� �4�: �� �  K
fV�JE/
X?�.@ T��Z� ;��<1��@ �[L	�  �Z=�	J /� ��  -��HX  �H.��  �
 ��:<: /� @ ����� �C� 
��� ����:�J �0�V5 ��/� ��A�   )	�5 ���� �2� 1990 .(�8���R 
�� � 0� �3 )1991 �  (

^�C� 0��: �C� 
����J �;4�B �� V�K
f JE/
X?�.@ 6 �� 4?� T��Z�� Z=� H	J  � H�[L	� � �/�H��  <H���Z� /@ ?/ 
����: 
4��: R		=� /� .�� /�R V�<
f� ��2-.� ��1� �4/���� '?/��� �B ��: /� ��/� .��4i  H1>��	R    
H4��: �H �t  <H:

-X� ���� �8/� 0?��� �0�V5 �
��  K
fV� .�� � �
� hard-NP �./0/��5�� � a�� .4 )1991( V� 
4�/� 0�34K
f 
JE/
X?�.@ ;��<1��@ Z=�	J � �[L	� �  �C� 
����J �;4�B  T��� 0��? < 0��?
1 @ NP-hard  �H./4 .	 �Ho�  �

�/	��5 )2013(  � ��� 8	�@ ?/ ��2�/�U- �/�e Q�X�?/6 )PSO�( T��Z� ;��<1��@ Z=� H	J  H� �[L	� /�  /�H @ n   ��H:
/�/�@ �C� 
����J �;4��B <  JE/
X ?�.@  
H4��: . H1>��	R  0�H34  
H4�/� �� 82%  ��/�H��  ��H2�/�U- �	 ���1H3@ ?/ 

��5
�� G.�1�� �/���L�  �./ .�A�-4�� �.�4i ���7 )2017/�  (@ V� JX K
fJE/
X?�.@ T��Z� 4?�� Z=� H	J  �
�[L	�� ?/ ��2�/�U- � 	<1  ?�.@ / �� .
1-VA ���  �/�e Q�X�?/�R ��2�/�U-� �-�: �  ��e�R /
- / �� �/
`�@ �/���  �/�E
�� 8	�� � /�R /�  
4��@ �2�� 4 ����:	; �� �� .��/� <�/�/�0� 
C�	
� �-4 � �g �./ �
� Q�Z4/  i�  <:� 
H1  �H��  0i@ 

��2�/�U- PSO  /�/ JX ���R V� <
f0�34 ��/� �./.  
��/	R �
� ���:� /� @ .�� � 0��?
1 @ V�K
f  '?/���<-��G4/ /� /�/��5 8 �	JG�8 )1986 (
4�/� Q�Z4/ . �H�4i 
��2�/��-� @/�  /� JE/
X?�.@ =�	��  0��?���0� 
��	�� )

maxC (/� @ C�	h B� ���	R  �H  ��  �HW4  R-$�H8  0�H�? 
'?/��� �� �t  ����21�
4��: <I/�/ � <: ��
���@ �C��J 0��? � ��@  H.�-.��  ) 
4��8?�H.  

i j i j
r r d d≤ → ≤( 

�� 0/��5�� �9 )2015V� (K
f JE/
X?�.@ Z=�	J � �[L	� /� �  ?/
4/ v�$\ ]	��0�V5 ����:  
H4��: �.��  . �H�4i 
�B ��2�/�U- ��5- /@  /�/� @ <-��G4/?�.@ � �B ��2�/�U- -4w	B :��	G�  /�/� @ =�		R �/��� <-��G4/   .
H4��: <I/�/ ��

�.��� 0/��5�� �10 )2017( �� R�O ��
��� R-$�8 �W4@ �C�J� 0�V5�  
H7�$ �� � K     a�HX 0�H�? <H  �GHV4 ���
/� @ /�� �� ����:h�  '?/��� �<-H��G4/  K
fHV�  JE/
HX @?�H.  T�H�Z� Z=� H	J  H� �[L	� /�  <H    ���H7 BH�  a
H� 

<��4�  @;�� �
� x	C7 0�	   � �� <�/�/  ?/B� ��2�/U-� <��4� @;�� ���� /� @ R-$�� �/��� <-��G4/��    .
H4��: ���y-H./
��4i �� ��0�� -4<Z	  
1-$�8U-���2�/@�� <-��G4/@?�. �1-G� �  
��E\ 4z�S� R���   H� 0�H�?'?/��11 )LPT(�  R��H-�  



��
� ���� �� ��
�� ����� �� ���� !� "���#�� 
$% &�'%�� $'% �,$
 ��-#. #(! �� �� )�*�+��/... /�����1 ���2 � ����6�� �7� ��89 /93 

��5
�� �� /� 0�	� �2�� U-���2�/@�� @��5- /   < �.� ����i �./ .{4/w � 0/��5��12 )2021 (K
fV�  0�H�?  @
H1  
��@ ��� B�R	 \
4?/��� /� <-��G4/  ��� Y/
H�/ R-$�8 �W4 �� �  
H	   Q�H21�  �H.��   
H4��: . �H�4i  R�HO  |/�n-H./ 

�8��� @�� M/�A �<1	�  B� U-���2�/ �G	:�� �1-G� �  U-���2�/ /� B	-4w ����13	 ��/� .
4/  
�����/
1 � 0/��5��13 )2021 (�B a
� ?�.@ 
A�
 1-G�� /�  Y/�8 � @ V�K
f �:	<1 0��: �5� 0��?	J  �HLi�R 
 ��:� /�� C�	h ���: <I/�/ <-��G4/ '?/���  .
4/��?i��@��  ��GH.�C��  �H�4i  :�HX� ?/  �H�� @  a
H� �	 ���1H3@  0�H� 

�GV4 <  a
� ��@  ��HA��  �H./ .E	 �H8�� �  0/��H5��14 )2021(  /�H @   JHX HV�K
f  0�H�?  
H1 @     Y
H� �H  <-H��G4/
JE/
X 0��: T��Z� 0?� �/� �[L	���� �B ��2�/�U- ��5- /@ 1-G�� �VA �  �A�/� @ 
C�� ���: <I/�/  .
4/ <H   �8?�H� 

/�V� � 0/��5��15 )2022 (�B E� '��	_ 1-G�� a
� �  ?�.@ 0��?-<-VV816  /�/� @ ��	R �<
fV �	���13 ��/� 
4/ .
��4i  � '�� B�: < 	���13�@ 
I�V��  �}:/
X � 100   /� ��H: <H   ���H7 � 	 <H1   JHX: 
H4�� .� {H4� �  0/��H5��17 

)2022( V�K
f 0��? 
1 @  <-��G4/ '?/��� /��  ��/�4�L ��@ ��8?�.�4 � 6 �� Y
� T��Z� 0?� �/� 0��? �5�	J ����: 
/� �� �W4 <-$�8 
4/ .i4�� /� @  JXV� �<
f
1o�R a
� ?�.@ �  H�B  ��H2�/�U-  <L�H� � '?�/18  /� <=H.�� ��/�  
H4/ .
�-4�g ��4i :�X� 
I�V� <: �./ 0i ?/�  �}:/
X � 150  /� ��:��2�/�U-  '?�/ � <L���	 ���1H3  �
H�  JHX  �H�  ��H� .

{4�: � 0/��5��19 )2023( T�O��  R �: ��3-4/ ���: /��� ?�X\ JI�V� 0��? 
1 @ ���	
 C� �� <-��G4/	h ��� H	
 
4	<� ���@ �� .�� � ��:� 
4/ .�	0� � {4w20 )2024 (V�K
f 0��? 
1 @ �B ���	R    H-E� /� <-H��G4/ '?/��H��   �H.�� 

���: 
4/  <:E	�� $�D� ~� � S�  ���y-� ?�� m
-n� ����.�./   .��4i �B  �HC4\  a
H�  ?�H.@ 
A H�
 /�  /�H @ 
V�
f< � 
1o�R �����5 JX /� /� @ ;� ���:�<1 ��@ $�D� ~� � ���: <I/�/ ��GE�=-� .
4/ wRo � {421 )2024 (�B 

��2�/�U- ��G�  �<-$� /� /� @ �/�E� @   a��=�	R w�4/ Y�D�@ ���  � ��@ ���	
 C� ��	h ���	
 ���: <I/�/ <-��G4/  .
4/
����$ � �4��22 )2022S (� �B ��`�K ����@�  K1	3	�T�O�� 0��? 
1 @  /� <-��G4/ '?/���<  ���7 6��A   H.�� � 
���: 
4/ .��4i ����� ��@ <-�(8 /� �  <A�� <  C�	h ���	R �zi � T�4 6 �� Y
�  <-H.�  
H1 @  �� � \��H   ��
H4��@ 
`C�	��` �i� ���: qC    .
4/ 

a�
A 1- KV��`� _	`C� #7�9 �2�� �  `C���`	 / �� jL��R� �?�X  

Table 1- Comparison of the current research with other leading research in this field 

��.��D�$!  ���� !�  ��1  �,$
 /�$'%  "�� /9  E��% ) F��min(  

R��8��� � 0� � 
�� )1991(  
  

�  B��;4  <��4� @;�� ����  ( )j j j
w E T∑ +  

�o�	4 � ��	�/ )2013(  
  

�  ���  U-���2�/ PSO  ( )j j j jE Tα β∑ +  

 �-4���A� ���.�4i )2017(  
  

�  B��;4  U-���2�/ PSO  ( )j j j jE Tα β∑ + 

�� � 0/��5�� )2015(  �  
  

���  U-���2�/ B	-4w  ( )j j j
w E T∑ + 

�.��� � 0/��5�� )2017(  �  
  

���  <��4� @;�� ���� � @��5- /  ( )j j jw E T∑ + 

_	`C� �O�X  �  
  

B��;4  <��4� @;�� ���� � @��5- /  ( )j j jw E T∑ + 

  



94 / �� ����� ���� ���	
�� � 
	��� ����
�15 ����� �1 ��	�� �36 � ��� 1403 

�  ��24� �� ���A/ 
1o� K1	3	� \�� ��  �T�O������ U	 �� �.��  <: U�0��? <
fV�@�� ���
	  Q�21� �  '?/���
<-��G4/ 0�1:��  �-�: .�� � �
�  .�./<  �8?�� 0/��5�� � �.��� )2017(  3����/� � �? ��K1	 R�/ ��?�X ��   �� �H  

 �W4R-$�8 
��� J��C� ���23 �� �7�$�/� 
4�/� Q�Z4/ a�X �<54i 
��� �C�J�   JH�� �� BH��;4     ?�H]i 0�H�? <H 
0��? @
1  <: �./ �� R�/ ���7 h�/�� JX <
fV� ;	4 '�n-.� ���		 �� ��� H�� ?/ .R	 ��@ �� / RH�  ����H�� 
0��?@
1  '?/��� <-��G4/ @/�  ��� Y/
�/ _`C�
	 Q�21� � �   ̂ �HC�   �C� 
H��� 0��H: JH� �;4 BH�     �a�HX 0�H�? <H 

<  Y�5� 0/�1� `C����`	 ��A�� �� T�O�� K1	3	� �� �.��  ���.  0���H�        
H��� R-$�H8 �HW4 �� <H: �H./ �H:e
�C��J �;4�B <  �A@ 0��? JI�V� �� ��� 
1 �@ � q�� 	>	8
� V 	��  	�-3 V�<
f -X .
� 
�/�L�  ���H. ��  �H��R 

V� <: ���XK
f 0��? 
1 @ B� ���	<1 -E� ��./� �C� 
����J �;4�B <  �A@ � <-$�8 �W4 �� ���� ����  HV�<
f ?/ 
���X ���.  < �B V� K
fNP-hard 
G��J �� ���1>�� .R	    ��
H��� R-$�H8 �HW4 ��@ �C� JH� ] ��-H3��	  /�H @ 

 �����:<
fV� /� <  � �
��
	>	 �� �� 
1: <: ��N� ��: M�o��o ?/ |��L / �� �
�R� .�./ <��`�  

2- #G%�H D
@I�  

�� /R� <Dn3� �n  /�� � ��O��y� ���h� � �21	 <
fV� 0�	  ��� �<-��G4/ '?/��� ��2-.� .�./ �
��1	   �H 

 �E�	 U� '?/��� 
1o 0��?R�  � ��:�� <  ����G� '?/��� B� <-��G4/ ?/ �.����: .�� <-��G4/ @?�.  �@?/�H�  0�H�? 

'?/��� <-��G4/ )bp��;  0��? � /�  �( ��R� =� .�./ <-��G4/ �� ��A�� ��:��	 4 ��5
��;	 �-./� ��@ ��� _`C� 
H	 

 �Q�21� JE/
X @?�. T��Z� �4?� J	Z=� � �	L[� �� �W4 <-$�8   �  �KN /� j jw C d∑ −  jn3��
� �./ .�� 
N /�K  ��:(�

j
C  �

j
w ��� < F	 �5� 0��?J	  ��: 0?� �j  � �./ Q/d �C� 
���J�  /�H  ��-3�@  ��H���   �H���:

  H� �/
H�
E�  ��H�  H� v�H$ .�  ��H�  �C� 
H��� JH�   /
H- / <H @   <H��4�  _H$/ � @;H� �;4 BH�   H1>�� .�H./R	 HHN /�K 

( )j j j
w E T∑ + � J5HH�@�HH2�   ?/0�HH	 /RHH� =���HH	   0i �� <HH: �HH./ ��HH5
��{ }0, 

j j j
E max d C= −  �

{ } 0,   j j jT max C d= −  .�./�2�� a
� �� ��O��y�  .�� � �
� ? ��� < �� :�./  
1. �/
=� n 2�� <: ��/� ��A� ��:� ��8?�. � _
=-� <  �B ��/�4�Lb
4/ 

2 .��  ��:j /� @  '?/���<  �	0/; 
j

s $�� ?/ 
X/�	� ���	R 4	?� ��/� . �-�/��� < 
j

s ?/
4/\ � <-y8 ��:� ���b  
3 .��K ����: WC� ��K 9�-.� �� �y7 b
4/  
4 .0��? 4 ����	?� /� @  ��: '?/���j  � /�  � Q�
=�

jp �./b  
5 .$��	� ���	R  � /� B ���� � �./� ����:  �?/
4//@ Bo�:�� �� ��V�@ $��	� ���	R b
4�/�  
6 .mE�� '?/��� ��@ �B <-��G4/ R5�� 4	�V � c� ?/ T��� '?/��� �   ���2-.� �	� ��:@   < <-��G4/  <$�O/

��  0i ?/U: ��4���b  
7 .
��� �C��J  ����:�0�V5  � /�  �d �./ .
��� �C��J �;4�B24 �� �W4  <-$�8�� ���.  

0���� �:e �./  
��� J��C� B��;4 �=E/�� ��N� �� ��� <: K
7�$ �4��? �� J��C� '��y. �� <   @�-H3�  �H� 
0���-3� <  <4�8 /�./ @ <: �-X �8/ ��: �� @/
- / _$/ <��4�   @;�����
	 ��� T���� 3n  U� ?� � '��y. ?/ ��  � 

�[L�	  �� �8/ J �`� �� .
� 
1�/�L <A/��0��? 
��� J��C� '��y. ��� <  \?/
4/ �$�: �
�� ��A� <-�/�  
H��   <H: 
K�� '��y. ��  0�
  �	L[� 
	��� ���� ��24i �  ���X 
��� J��C� ��� �� �
�� �/� <A/�� U	�/�L  ��H  . �H   9�H./ 



��
� ���� �� ��
�� ����� �� ���� !� "���#�� 
$% &�'%�� $'% �,$
 ��-#. #(! �� �� )�*�+��/... /�����1 ���2 � ����6�� �7� ��89 /95 

@�/(8���4 ��/
4�-./ JI�V�  0�H�? @
H1    Q�H�/�8)�  0/��H5��25� 1979(�  K
fHV�  H�
/ �� �W4 RH�    �H�4 �H  ����H�� 

( ),   ,   i i j j jp batch s B d d w E T− ≤ = ∑ +1 jn3� � 0�	  �� ��� .  
�  <A�� <  ����� 0/��5�� � �:/� 26 )1998(� ����� <-��G4/ '?/��� JI�V�@/  <H:   ��H	=�  ��H5
��  �H1-G�  �H  

��� �
4�/� J��C� ?/ � �W4�8
	>	 ��G.�C�� `GS ��K NP-hard �/�E 
4�/� .?/ R	�� @��  K
fHV�  �H.��   �
H� �� 

R�/ ����� 4;	 NP-hard �./.  
�L�  /�� ?/h�  ��8���@�� 0��? ��@
1  <1	�  @/�  V��<
f �:e ��O��y� �   ~�$ �� �
�<  ��� ��?  �H./ 

0/��5�� � �4��)27� 2006:(  
1� .	�   0��?	��5@  	R '?/��� �� -��G4/K �/�-�� ��A� � ���G� <  .��/
4��2   -H��G4/ '?/��H� T��� �  K �a�/

<-��G4/ ��@ 
= @ � 0�
 	�  	��5@   	R <-��G4/ '?/��� 
� 
1�/�L '?/��� ��b  
2 .<-��G4/  ���� <: JGE �� 0��`� �  
��� �C��J �5�	J �� 
4�� ) <H:    �H  /� �H�4i H���Z�K E   H� 0�H34�  H��	U  �

<-��G4/ 6E/��� ��@ /�/�@ Z=�	J 
4/( <  ���	F ��=7@ �GV4  '?/��� 0��? <  0?� <-H��G4/ �H� )b

b

w
p

 (�  <-H��G4/

���� <: 
=  ?/ 
��� �C��J �5�	J �� 
4�� )<:  �  /� ��4i���Z�K T � 0�34� ��	U �� �   <-H��G4/ 6HE/�  �H�@ /�/�@ 

�[L	�
4(� <  ���	F ��;4� �GV4 0?� <  0��? '?/��� <-��G4/ �� )b

b

w
p

 (F��� �� 
4��  0i �� <:bp ��;  ���R 

��: '?/��� 0��?��@ Dn�	j �<-$�  <-��G4/ < bQ/  �
bw T��Z� 0?� ����:@ Dn�	j  ��/� �
H�  <H    <-H��G4/bQ/ 

�./ .�� ���7� <: ����:  0?� �4�V5<-�/� � �
1��  4i ��2bw  a��=��/
=� ����:@  <-��G4/ �� 0���
�/�L b��    

3 .JE/
X �5� ?/ /�R �� ���X �/�E�  �./ :�� ��/	R ��: �� 0��? �y7 T��� �� ���� �� �C� 
����J  �  0��`�

 T��� 0��?�� �5�	J <-��G4/ /@ ��;  <: ��  
�/�L  ���R  �GV4b

b

w
p

 /� .��/�  

<>4�1o �� �/��� <I/�/ �
� /� @ <-��G4/��� <-��G4//@ ��A� <-�/� 
��  <: JGE ?/ 
��� �C� H�J  T��H� �  
H=  ?/ 

��� �C��J �5�	J ���� -��G4/K �	4��28 ��4	�
 �� ��� .�� ���7 ��A� -��G4/K �	4��� ��/	R <-��G4/ �� 0��?
1 @ 

� 	<1 ���-X �� 0��? �y7 T��� ��  ���� ?� \ 0��?
1 @ <   ���7 [ ]0, bp∑�./.  

3- "�� ����� K����  

�   <  <A��NP-hard V� 0�� K
f  .�� � �
� / ���R / �� �������R ��2�/ �n �U- ��/� ��  /�H @   /��H: JHX�� 
V�<
f �� �.��  U	1: .<  S�� 
:� JX K
fV�  �.��  �
�  �� K
X�� 
7/� ��/�:  

K
X��  :a�/J	53� <-��G4/ � R		=� 0��? '?/��� �� <-��G4/ �  9�./ ��;   R��� 0��? '?/���  @�H���:  ��HA�� 
�� b0i  

K
X��  :Q��R		=� ��/�� <-��G4/@�� J	53� �
� @/�  '?/��� �   .��2-.�  
�� <�/�/ �  <A�� <  4�G�� �W4@ � ��O��y� ��N�  �
H� ��  �Hn   �JHGE  /
H- /  ��H2�/�U-  �H���  /� /�H @ /� ��HZ 
<-��G4/ �� �� �.��   U	1:� cd. �������5�� /� @ =�		R �/��� <-��G4/ ��@ 53�	J �
� <I/�/ �� 1:	U  �H�-4/ �� . H�B 
��2�/�U- ��5- /@ -G�1� ��$ ��G�  '�� � @ 1>�� �	R ��2�/�U- :��	G�  /�H  /� �/�e Q�X�?/@    HV� JH��: JHX<
f 

�	���13 �� 1:	U.  



96 / �� ����� ���� ���	
�� � 
	��� ����
�15 ����� �1 ��	�� �36 � ��� 1403 

3-1- �$*
��L� ��;���� �#�� ���� !� ����  

/� @ �R-$� �B 0��?
1 @ �<A�� �  /
- /�
 <-��G4/ 0��� /� ����:��  �/�E �/� � cd. �/��� 8�/�E	�@ <-��G4/��  /�
��@ ���	R =�		R ��:�-4 <  <A�� �  .�g ) 0/��5�� � �.��� ����� ?/ �
�i �.� < 2017(� <  ��S  H
:�  ��H2�/�U-
��@ ��5- /@ 1-G��  � 
��E\ 4z�S� ���R 0��? '?/��� /� @ V�K
f JE/
X ?�H.@   H4?� T�H�Z�� Z=� H	J  � H�[L	� 

<-��G4/ �� �-�  M/�A@ �GV4  < �2�� ��2�/�U-��@ ��5- /@ /���Z  H��  
H11: H�� ?/ .	R ��@  /�H @ ��� H	
  <-H��G4/�  ?/
��2�/�U- ��5- /@ 1-G�� 
��E � \ LPT <  ��� ?�� ���y-./ �� ���:  

Q�8 1 .����: <  ���	F ��;4� 0��? '?/��� � F���� 4��
 .�� ���7� <: /�/� ��: ��@   '?/��H� 0��?� 0�HV5 
�
1��  �  9�./ ���	F ��;4� �?/
4/0�� F��� �� 
4��b  

Q�8 2 .��/	R ��: �� /
- /@ �	��V M�n-4/ � �� ��/	R <-��G4/ �  $��	�  ��HL�  �/�HE  H�� 8 H	�� . �H8/  ?/
H4/\  ��H: 
Fn-1� <  <4�8/@ � �� <: �� 	� <-��G4//@ �/�E 4����$�8 <  �B -��G4/K 
A H�
  HDn�	j ��/�  H��  
H� . <H  / H�R 


��E �'��\ First Fit � <-y8� ��� Q�8 .2 �� *�D-L/ Q��� ����: <  <-��G4/�� �/�5� �� ���.  
JX/�� ��2�/�U- ��5- /@ <-��G4/ ?�.@ �� J5� 1 0�34 ��/� �
� �./. 

  
/;� 1- �#M� /9�#
� �$*
��L� ��;���� ���� !� ����  

Fig. 1- Flowchart of batch formation algorithm 

T���

.R: F��� 0�3�?/��� 0��? ���;4 F	��� <  /� ����:

 �� <: R: M�n-4/ /� @��:.��/� �/�E ����: �V	� @/
- / 

�E�  �	$�� <  <A�� � <-��G4/ \
4�� M�n-4/ ��: ���A�� @�� /� �
�
.�
  �/�E �$�: �	$�� �  <-��G4/ R	��/ �� 

M�n-4/ ��:.R: Y(X �V	� @/
- / ?/ /� �
�

M�n-4/ ��: � R: ��Z�/ 
�
A K-��G4/ B� 0i <  /� �
�
.�
  *�D-L/ 

 ��: ��iM�n-4/ ?/ �5� �� �
�
<-��G4/ ��$�8 �A ��A�� @��

0���� 

<
  

�	L 

<
  

�	L 

��./ ���L ����: �V	� ��i



��
� ���� �� ��
�� ����� �� ���� !� "���#�� 
$% &�'%�� $'% �,$
 ��-#. #(! �� �� )�*�+��/... /�����1 ���2 � ����6�� �7� ��89 /97 

3-2- ���� !� ���� �� "�� /9 N�
 ��7�� �� F�� 81��� ���� ��
� 8;%�/ #O6�� ���� !�  

?/ <
�A J�/�� �t�� �� .�	0
 <  M/�A � 	�<1 53�	J <-��G4/ ��@ F.�1� ?/  <-H��G4/ '�� .�.����: ?�H.@  ��
��2�/�U- ��5- /@ /�R ������ 1-G�� 
��E � \ LPT  .�./��/ �� /�R �n � <-��G4/?�.@ ?/ �S�_ JX  a
H� �� HO�� 

?�� � Q�Z4/� ��� .���: �/
=� �-�	��� �� /?/@ � �t 0��: �A@ <-��G4/�� �� �/���� 
7/� �H��R �� H8�� / H�R  a
H� 
�./ . <51�/ <  <A�� � �:	<1?�.@ =�	�� ��5
�� �5� 0��?	J �Li�R ) <-��G4/maxC (<: a��=� bp∑ ��./ <-V /� 

<  ���	F 8�/�E	�@ <-��G4/�� 4	��V � �t 0��: �A@ <-��G4/ �� �/���� FG. ?��  J53�  �4���� � ���HG� <  .� �H2 
0��? JI�V� �� 
1 @  Y
� 6 �� �  <-��G4/

maxC �$�: ��1�/ � �. ��\��  �C4\ 53�	J <-��G4/ �D� ��	U 8 H	�@   � ��H�
53� ?/ c�	J <-��G4/ ��� ��� ��	G� /�/� ��4i ?/@ maxC �4�V5� <-��G4/ '?/��� 0��? T��Z� � /�  .��  
�/�L ��  

�� K
fV� .�� � �
� �� /�R `C�	_ )( )j j jw E T∑ +53� �(	J -��G4/ K � F.�1�< �A�A�� <-��G4/�� �� �/���� 
J�/�� 
7/� �:	<1?�.@ =�	�� ��5
�� H4
 . <H   H��	R �� H	J  0�H5�/  JHX  a
H� �� HO��  HV�<
f  =� �H  H	��   ��H5
��

( )j j jw E T∑ + / ?/�R �S�_ /� �1  .��/
4 ��A��R =� ?/ 
= 		R <-��G4/�� / ?/�R   JE/
HX <H  <: '��   0
H� 0�H�? 
�5�	J �Li�R <-��G4/ �Z1� �� ���� T��Z� 0?� � �/�[L	� Z=� �	J �� �  ���y-./ ?/ ��2�/�U- �H�@ �	 ���1H3@    <H1	�: 

�� ���.  
 �� /�R �n  /� @ <-��G4/?�.�@ � a
� ?/�O�� <I/�/ 
� \�����/
1 ) 0/��5�� �2018(  ���y-H./  �
H�  �H./ . <H  

/ B�:�R a
�� <-��G4/ <  �� �C4@ 53�	J �� 
4��  <:
bp∑ �:	<1 /�  .���@  	0� � a
��O��� 1: v�$ H	
   �H���:

<  <4�8 /@ �
� F���  <: 
4/21 np p p≤ ≤ … ≤ ��: �8/ .j -��G4/ < K k  *�D-L/� �
H � �-� H	�  �HD�	U   � �yH7

�B jkx  �/
`��B �$�8 
�/�L ] �� �	� /�R ���7� �-� .��  
�/�L �y7	� 
jk

x  /?/ <H  ��1�@ j k≤ �=� H�m 
�� ��� � ���G� <  ���2  ��:j ���7 �� ��1��  -��G4/ < K k  *�D-L/���
 �  <:j k≤ -��G4/ .
�� K k   �� UH�

���7� 53�	J �� ���  ��: <:k Dn� 0i < 	j �
 �/ �  .�R �C4\ �=� H�m �-� H	�  �HD�	�U   0��H`� UH�29   a
H� ��

��O��   ?/	R �� ��� �-� �/
=� U� �	���@  � �y7�B  ?/2
n  < ( )1 / 2n n+ � ���:� �
 � H-54 .K  UH��   �H�/ H�R 

�./ <: /�R  <  ��O��y�M/�A ����  �Z1���  '?/��� 0��? 0i �� <: ���-��G4/K k   �H  �H /�  ����y-./ ���7 �� �

kp 
�/�L �� b ?�/�  ��:k <   <  U-X ��S-��G4/K k 1>�� � �./ �
� ��/� *�D-L/	R ��:@  /4z�S <: �.� ���R 
 '?/��� 0��?/�  	R ����:@ *�D-L/ �<-$� <  0i <-��G4/ ��/� .<  B�: /�R �-�	���@ �D�	�U a
� ��O��  5H3�	J 

<-��G4/ �� <  ���7 ?�� 
�/�L �� .  

)1(    
1

Min  
n

k kk

k

p x
=
∑  

    s.t:  

)2(  1,2,…, j n∀ =  1jk

k j

x
≥

=∑  

)3(  1,2,…, k n∀ =  jk kk

j k

x Bx
≤

≤∑  

)4(  1,2,…,  ;j n∀ = 1,2,…,  ;   k n j k∀ = ≤  
jk kkx x≤  

)5(  1,2,…,  ;j n∀ = 1,2,…,  ;   k n j k∀ = ≤ { }0, 1jkx ∈ 



98 / �� ����� ���� ���	
�� � 
	��� ����
�15 ����� �1 ��	�� �36 � ��� 1403 

���G� )1  (	0� 
11:\ �: a��=� � Y
� 6 ��	<1 ?�.@ �5� 0��?	J �Li�R    -H.� .�H./ <-H��G4/K  ��
HC��� )2 (
/� @ �S/	0�1 / ?/�<51 E� ��: ��	��`  < �B � *�D-L/ <-��G4/� �
 �� / .�./ �
� <$�O/ a
� < �R  ?/
H4/ <: T�O��\ 

<-��G4/ �G4 ���
 $�� ?/	� ���	R  
H1: ?��Z��     ��
HC� <-H.� BH�: <H �� )3 HW4 �� (     <-H.� .�H./ �
H� <H-$�8 �
��
C��� )4��� (	R �� 
1: 53� ���7 �� ��1� <:	J -��G4/K k �/�R  ��H: <: ��/� 
�/�L ��A� 0�5�/@   0i <H 

Dn�	j �
 �) ���G� .5 (4	; T�4 �-�	���@ �D�	U a
� /�  	0� �� 
1: .��?i��@�� ��G.�C��  0�H34  H��  
H��  <H  
B�: a
� ��O�� ~�$� 
I�V�� �  100 ��: �� �-�: ��@ d��:	�����@ Dn�� ?���/@ <  -X/�� JX �� ���.  

3-3- G%��� 
�$%� ���� !� �� �� �81 �$*
��L� �
�!#� ��0� $���  

<��4� ��;@ ���� ��2�/��-� V 	�� 
1���
E �./ <: �� 0i V�K
f 
7/� ?/ �S�_  HV`�	U  0
H��  <H   <H���Z� /@ ?/ 
?�V��f<
�� JX �� ��� .JX V�<
f �  T��� ?/ Bo�:���R ?�V��<
f T��� �� ��� � �  �R-$�  M/�HA �H���  /�H @ 

JI�V� Bo�: �� .�	0
 ���. �� <  M/�A JI�V� ��; �� � <�/�/� �
 �  ��4��?� <: J:  HV�<
f  JHX  ��H�/ �� . H�R 
 �n �B ��2�/�U- <��4�  ��;@ ���� /� /� @ =�		R �/��� � 	1K <-��G4/ '?/��� �� ��@ ���	R  �H� <I/�/  U	H1:  v�H$ .

1:	
 ��� <  ����:� <-��G4/ <   *�D-L/ ���<-$� 
4/  �/
=� �m -L/ �� <-��G4/	�� �/�� <: �./�   �  �H�4i '?/��H� H�
 
-��G4/ '?/��� �
� .��� jn3�K b  /�bp  /� 0i 0?� �bw 2  �W4 ��	��
.    <H51�/ <H  <HA�� �   �C� 
H��� H�J 

�;4�B  ��./��/	R <-��G4/ �� 0��?
1 @ � 	1 �<���-X �� 0��? �y7 T���  �H�   ��H��  <-H��G4/  �H� ��  
H7�$K  4�H�?� 

[ ]0, bp∑ �/�E �� 8	
4� .1>��	R R5�� �./ <-��G4//@ �  /���h -��G4/K �	4�� �� 0��?
1 @ � 	 <H1    <-H�/� ��HA�
 .
�� U� ?��� ;A	���  	�-3@ \�� �� /� ��Dn3� 0��? 
1 @ � 	<1  	0� �� 
1:.  
L
 1. 0��? �� 
1 @ � 	�<1 <-��G4/ ���� � <:	� �C� 
��� ?/�J �� U� �5� 0i �  0��?	J �� 
4��� ��� <  H	F ] H	� 

��;4� b

b

w
p

 �
� U	W1�  
4/<-��G4/ � ���� �C� 
��� ?/ c� <:�J �� U� � T��� 0i �  0��?� 
4��� ��� <  H	F ] H	� 

��=7@ b

b

w
p

 �
� F��� � ���G� <  .
4/���2 -��G4/ R-$�8 �W4 �� 0�
  K�	4��� <-��G4/ ����     <H  0?� �GHV4 <H:

?/��� 0��?'  	�-3@ 
4�/�� �;4�B�� �C� 
��� < �J � �/�E� 8	
4�   �C� 
H��� ?/ �
H`o �� � H�J  H� ����  �H��U 
?/��� 0��? <  0?� �GV4 �(0i ?/ c� <o � JGE <o)' <-��G4/ �� ���: �� �
 �.  

P� Q�:  �A Q�Z4/ B�: <  � m
L v�$ � <�A�� -yA�  -��G4/ ��K ���Z��  U�1  ��Gt/�� ��-��G4/ �� .� K ���Z�
k  �l 2  �W4 �� /�	��
 0��? �� <: 
1 @ � 	1K �	� �C� 
��� ?/�J �5�	J �� 
4�� 1: v�H$ . H	
  0�H�? ��  
H1 @ 
� 	1K 

1S�   -H��G4/ /
H- /K k     -H��G4/ 0i ?/ cH� <
H7�$p  cdH. �K l   .��/� �/�HE
0t  �5� 0�H�? /� H	J  -H��G4/K l  ��

0��? 
1 @ 1S 2  �W4 ��	��
/ �� <: �./ xO/� .�R �5� 0��? ���7	J -��G4/K k  � /� 0 lt p−   �H8/ .��  
�/�L

k l

k l

w w
p p

>  �A �  ��24i �(m
L v�$) 
�� <�A�� -yA� /�R -��G4/ �� K�/�� R-�/� <24 � �t � ���Z�� `  KH	 

<-��G4/ 0��? ��� 
1 @ ���2@  Q�4 < 2S � �.� < � i�
    Y
H� 6 �H� ?/ �-�: 0i Y
� 6 �� �/
`� <: 0�H�?  
H1 @ 1S 

��  
�/�L b?�/� ;��1K -��G4/ ��K k  �l 0��? �� 
1 @ 
1S   a��H=�( ) ( )0 0k l lw d t p w d t− + + − / � H�R ;�� <H1 

0��? �� 
1 @ 
2S � /�  ( ) ( )0 0l k kw d t p w d t− + + − �./ .�  / <  <A���<51 ;��1K �2��  <-H��G4/    �� �H� �� �H�



��
� ���� �� ��
�� ����� �� ���� !� "���#�� 
$% &�'%�� $'% �,$
 ��-#. #(! �� �� )�*�+��/... /�����1 ���2 � ����6�� �7� ��89 /99 

0��? 
1 @ 1S  �2S �0�V5 ��./ R�/� �1  ;� ���y��1 ��4i K � k l l kw p w p−      v�H$ <H  <HA�� �H  <: �./ � /� 
�/
`� m
L@ �./ �G}�b �� -4	<Z 0��? 
1 @ 

1S 0i � 	<1  �V	4 R�/ �E�1� �� �� v�$ �  <:  �H./ . ��HGt/  /�H @ 
<-��G4/ ��@ c� ?/ 
��� �C��J <  ���7 < �3�  Q�Z4/ �4
� �./.  
�   U� <  <A��1  �/� @ �3��x ��2�/�U- <��4�  ��;@ ����� 1: v�$	
 <-��G4/ �� ��� < 	F ]	� 3��:�  0?� �GV4

�?/��� 0��? < 0�3 �
� F��� 
4/b  � ���HG� < � �H2 1 2

1 2

m

m

ww w
p p p

≤ ≤ … ≤   UH� _ �HN� .1  �/� ��HW-4/ H�U 

<-��G4/ ��@ �  
4/�c Bo�:��� ����� ?/ 
��� �C��J � <-��G4/ ��@ �  
4/�c ��; ��� �;4�B��  <H   
H��� �C� H�J 

�/�E 2 	
4�. -��G4/K h /� -��G4/ K�	4�� 2  �W4 ��	��
  �( )h

cF t �  �/
`� a��=� /�	1K ;��1K 0��? 
1 @ c -��G4/K  a�/
/ �C��R /���h �� �/�E	
 <: 
��  0i �� <-��G4/ '?/��� 0��? T��Z� ����  � /� t � <: 
�� 	� �C� 
��� ?/ H�J 

� �/�E� 8	
4� . � ���G� < ��2 / H�R c  �  <-H��G4/ H�
  ?�H  ��\ [ ]0,  t  �
1 1

,  
m m

b bb c b
p t p

= + =
 +
 ∑ ∑  2  �/�HE	 
H4� .

<-��G4/ ���� ?�  �� <:\ [ ]0,  t � �/�E� 8	
4�� /�/�@ Z=�	J <-��G4/ � ��@ ?� \ /�/� Q��@ �[L	�   HN /� .��H  
1�/�LK 
-38?� � <��4�  ��;@ ���� <  ? ���7��   	0� �� ���:  

)6(  �8/ c h=
1( )h

c
F t−

( )h

c
F t





= 






)7(  �8/ 
cd p t d− ≤ ≤  ( ) ( )

m
h

c c b

b c

F t w p t d
=

+ + −∑

)8(  �8/ 
1

m

b

b c

p t d
= +

+ ≤∑1( ) ( )h

c c c
F t p w d t− − + −

)9(  �� ]	� /�R ���7
1min{ ( ) ( ),  ( ) ( )}

m
h h

c c c c c b

b c

F t p w d t F t w p t d−
=

− + − + + −∑

�   <54i v�$1c − -��G4/K 0��? a�/ 
1 @  U� <  <A�� �  � 
1��  �
�1-��G4/ �K cQ/ �� � �
  �H�-4/ ��@  ?�H \ a�/� 

�1=� [ ]0,  t �� /
- / ��@ ?� \ 2  �/�E Q��	��N /� .K  -H38?� � )9 (   H.��  /� �H��X �� �H��  �H-�: ��R   /� �/
H`�

� M�n-4/� 
1:N /� .K )7 (N /� 0���K )9 (�./� -��X ��� ?�  <:\  <-H��G4/  �H�@ /�/�@ Z=� H	J� � H1=�  ?�H \ [ ]0,  t 
<  ?/
4/\ $�:� /�  ��$@ �A@ -��G4/ 0�/�K c  /��� � <-�/
4 -4	<Z  H.��  h`$�   ���HO Q�� �H��X@   
H�/�L 
H��  .

HHN /�K )8 (4HH	; HH�� <HH 	R -��HHX <HH  ���HH7� ?�HH  <HH: �HH./ l�HH ��\ <-HH��G4/ �HH�@ /�/�@ HH�[L	�� �HH1=� ?�HH \ 

1 1
,   

m m

b bb c b
p t p

= + =
 +
 ∑ ∑ ��$@ $�:� -��G4/ � 
��  <-�/
4K c h`$  �C� 
��� ?/ JGE�J 2  �/�E	��N /� .K )6 (

-��G4/ <  U�K �	4�� ;� <: �./ l� ���1K �/
=  0i .
� 
�/�L <G.�C�  

h /�� -38?� � ��� ~�$	R ?�  �� /�\ [ ],  ht t p+  	��5 � <24� 
4�/� -��G4/ ��K �	4�� / ���R   2  �/�HE �?�H  H	�� .

;��1K ��4�� ;� 0��;$/ � �1K -��G4/K �	4�� )( )h

mG t (?/ N /�K ?�� <G.�C� �� ���:  
)10(  �8/ hd p t d− ≤ ≤( ) ( )h

m h hF t w t p d+ + −
( )h

m
G t


= 



)11(  �� ]	� /�R ���7∞

M/�A � 	<1 ?/ �S�_ N /� K( )
1

 min min
h

h

m
h m d p t d

G t
≤ ≤ − ≤ ≤

 <  �.� �� i�
 ./���h ��/	< 4	; <  ���7 ?�� �./:  

  



100 / �� ����� ���� ���	
�� � 
	��� ����
�15 ����� �1 ��	�� �36 � ��� 1403 

)12(  0,  0t c= =0  
( )h

c
F t


= 



)13(  0,  0t c= ≠∞  
)14(  0,  0t c≠ =∞ 

�  -38?�  h /�� <  <A��� ��2�/�U- <��4�  ��;@ �����  �� � Q?z ��GH.�C� �/
=� -4	 <HZ   /�H  Q?z 0�H�?@  H�R-$� 

�  M/�A	<1 �� ?/\ ( )2
O m d 53� ?/ c� .�./	J <-��G4/ ��� ��2�/ ?/�U- <��4�  ��;@ ����@ / �� �
� ��/� ��� H�R 

/�  �n @ =�		R �/��� � 	1K <-��G4/  ���y-./ ���� @/�  b��� a�}�   �B ��5- / '��@ /�  F.�1�@ 53�	J <-��G4/   �H�
 ���  ��: < <��4�  ?/ cd. � ��;@ ���� /� @ =�		R �-� �R �/��� <-��G4/ ��@ 53�	J ���y-./ �
�   �� ���.  

3-4- S���	 �� �$*
��L� ��;���� �#�� /9 D
�@I  

�� /�R  �n  �B ��2�/�U- ��5- /@  /�/� @  JX�� <I/�/ <
fV� U	1:/ �� .�R ��2�/�U- /
- / <-��G4/  �H�  <H   H���� 
��5- /@ 53�	J � �/��� ��4i jn3� �� ���� cd. M/�A ���	
 �
� <   BH�:  H�B '��  ��HG�   �
H1��  �H�  �HA@ 
R5��� ��G�  �� �
 �/ �� .�R  '�� ?/ �������G�  ��$@30 )IE <: �./ �
� ���y-./ (�B   �� ��H:�� � ���. '��

�VA �� ��A@ �V���2� ��@ �B /�  M/�A@ .�./ 0i ��G�   

3-4-1- �#- �$ +� "���  

'�� ��G�  ��$@ �B '�� �VA��A@ �V���2� �./ <: �� 0i <���Z� �V���<��@ M/�A 
=$��  J��H� 
�V���<��@  a�S < �� �./ 0/��5�� � �:)31� 2009( .v�$ 1:	
 

1π  �
2π �/�� <  l� �� �/��  ���  H < ���H7 

( ) ( ) ( )( )1 1 1 11 , 2 ,  … , nπ π π π=  �( ) ( ) ( )( )2 2 2 21 , 2 ,  … , nπ π π π=  �
1�� <>4�1o  �/
H=�  <Hy��� �H�@ 
/ �� ���y-��R  M/�A ��k �
��  <-y8 �� ��� 

2π  ���B �V���2� 
1π  a�S < k �/�E ��/� � c5�� .  

��  '��IE �/
- / �B M/�A ��/	< ���	
 � cd. �� �� <
X�� �/
=�@  M/�HA  �HV���<  <H   a�HS �� /� ��HZ  �
�/
`� 6 �� �Y
� <  /?/@ M/�A��@ �V��K� M/�A ��A@  <GH.�C� � �`�� <HV  H�� ���H� ��  ���H7 � <H:  ��HG� @ 

J7�X �
� M/�A �V���< �A�;2�R M/�A 
=$� V�<
f �����.  
<51�/ <  <A�� �  <: �� V�K
f 0��?
1 @ ���	R��@ '?/��� �<-��G4/ �  < �A �HA��  �H���:@ 0���  H�B  �<-H��G4/ 

0��? '?/��� <-��G4/ ��		�@ �4��
1: ?/ �V���<��  <
	H.� R�/ <  �
���Z�/ @ Y�H7 �HW4  H��  �H�� .?/  H$�S�  �H8/ 
����:@ <-��G4/��@ ]	��0�V5 �  �B ���2 < �A�A �
4�� <���Z�/@ ��;  ?/ M/�A�� /���Z ����� <: V 	��@ ?/ 

/�R < �A �A���� <  M/�A < �3� �Z1� ������ ?/ ��	R ��@ /�R T�4 < �A�A�� 4	; ��4��
 <-$�8 ����� . /� �H1 �R 
�� '�� �	���13@ /�R ������ ��1� O��=�K 0�5� <-��G4/�� �� �/���  ^�C� U� � �� ��� .��2�/�U- IE� /� @  JHX 
V�<
f ?/ �B M/�A ��/	< T��� ��
1:��2�/ _ �N� .�U- �	���13@ / ���R  ����H��   /
H- / H�B  ��H2�/�U-  ��H5- /@� 

��/ M/�AK	 G.�1�� /�  /�@ ��2�/�U- IE ���	
 �� 
1: ��2�/ cd. ��U- IE �  < �A�A�� �� �/��� <-��G4/��� :	y H	� 
M/�A ��/	< /� �� 
X 0�5�/ �`��/ ��
�� .;��� ��2�/�U- IE� /� @ JX V�f
K  .�� � �
� �� /�R ������  ����H. 

�� /�A/ � ��
E z� @ /�R ��2�/�U- �� .�� � M/�A  ��@ .�./ R5��    



��
� ���� �� ��
�� ����� �� ���� !� "���#�� 
$% &�'%�� $'% �,$
 ��-#. #(! �� �� )�*�+��/... /�����1 ���2 � ����6�� �7� ��89 /101 

3-4-2- �$*
��L� ��;���� ����+��� �#�� 
$%�� 
�� T�$M�� )HA_IE(  

�� �� 0��?
1 @ � 	�<1 <-��G4/���� <: JGE �� 0��`� �  
��� �C��J �5�	J ��  
4�H�  H���Z�)K E ��� <H  �( H	F 
��=7@  �GV4

b bw p  
1-V�� <-��G4/���� <: c� ?/ 
��� �C��J T���  ��5�	J ��  
4�H�   <H���Z�)T�(  <H  
���	F ��;4�  �GV4b bw p �/�E 
4�/� .�  /�R 9�./ �8/ <-��G4/ �H�  <H  ��� H	F  ��=H7@   �GHV4b bw p  H���F 

�
4�� ��24i ��/	R <-��G4/ �: � �-�R  �GV4 �/
`�b bw p �� �
  ���5� =E�� ?/	���@ a�/  H��  �HLi  H��4� K  0�H�?

1 @ � 	<1 �/�E 8	�� .<   	0� ��-�  c� ?/ <54i ���	F ��/	< /� @ <-��G4/�� �  /;$/ 9�./��  �GV4b bw p jn3� 

��/ �
�	R  M�n-4/ <-��G4/   �.�� � �� ���. i�� �/�E R-$�8 0i �� ��/	R =E��	�� ;��1K �-�:@ /���Z ��  
H1:  H�� �� 
�Li�R =E��	�� cd. -��G4/K a�/ �� =E��	-� �/�E �� 8	�� <: ;��1K �-�:@ /���Z 
1: . cH� ?/  *�HD-L/  -H��G4/K 
�a�/ 
4�� =�		R �/��� /� @ �2�� <-��G4/�� 4	; �  ��	R 9�./ 
�/�L  ��H  . <H  �� H	J 4i H5<  
H��� �C� H�J �;4 H�B 

)Tight (�./ � 
=  ?/ 
1o �/�5� R5��  �./��$@ ��L� $�:�    <-H�/
4 ��HA� 0i ?/ JHGE  �
H��   /� �H1 �R  /�H @ 
���/�5��� <: �� /�R /���h ~
7 �� 
11:� h`$ ?/ ��$@ ��L� ��. �./� 
��� �C��J ���y-./ ��  ��H� ) J5H� 

2�� �� .(�0� �/�� �/��  J5��� �   �GV4 9�./b bw p�  < �3�˄ .��  
�/�L    

  
/;� 2- $'!U .��#V�#� ���� !� �� W� �� �,$
 $'%�/  
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Fig. 2- Flowchart of the proposed algorithm 
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Table 2- Parameters of the instance problems 
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Table 3- Validation of the dynamic programming algorithm 
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Table 4- Evaluating the performance of the proposed algorithms 
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�1, 40� 

20 1476  1484  1479    5/0  2/0 

40 7375  7658  7432    8/3  7/0 

60 16012  16458 16250   7/2 4/1  
100 19852  20026 19937   8/0 4/0 

200 207339  208922 208550   7/0 5/0 

�10, 20� 

20  693  716  693    3/3  0/0  
40  4505  4528  4510    5/0  1/0  
60  10950  11192  11042    2/2  8/0  
100  28890  29229  29103    1/1  3/0  
200  134623  135888  135395    9/0  5/0  
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20  2195  2279  2236    8/3  8/1  
40  8889  9096  8998    3/2  2/1  
60  20343  20749  20589    9/1  2/1  
100  45773  46536  46234    6/1  0/1  
200  206861  219551  218830    1/6  7/5  
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20 890  890  890    0/0  0/0  
40  2246  2250  2246    1/0  0/0  
60  4955  4975  4963    4/0  1/0  
100  8664  8711  8681    5/0  1/0  
200  10574  10844  10778    5/2  0/2  
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Table 5- Computational time of the algorithms (s) 
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40  057/0  064/0  507/2  
60  54/0  6/0  852/3  
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200  62/1  2  551/70  
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20  026/0  035/0  88/0  
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60  08/0  094/0  274/1  
100  164/0  182/0  76/6  
200  874/0  9/0  585/48  
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20  035/0  05/0  377/0  
40  603/0  071/0  546/7  
60  156/0  212/0  031/16  
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200  578/1  81/1  66  
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20  007/0  0083/0  248/0  
40  016/0  021/0  343/0  
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200  233/0  274/0  29/7  
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