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Abstract 

In this paper, a non-classical axiomatic system was introduced to classify all moods of 

Aristotelian syllogisms, in addition to the axiom "Every a is an a" and the bilateral rules of 

obversion of E and O propositions. This system consists of only 2 definitions,  2 axioms, 1 

rule of a premise, and moods of Barbara and Datisi. By adding first-degree propositional 

negation to this system, we prove that the square of opposition holds without using many of 

the other rules of classical logic (including double negation elimination). We then show 

that the Propositional Substructural Logic SLe is the best logic to study  Aristotelian 

Syllogisms. Also, based on the IFLe square of opposition, the rules of conversation and the 

rules of negation are completely proved in Muzaffar's logic. For this purpose, we used the 

monadic first-order logic with the same standard deductive apparatus of quantifiers in 

classical logic, plus the axioms of "some a is an a" and "some not-a is a not-a". Finally, to 

show that there is no existential commitment to general terms in categorical logic, the 

Strong Four-Valued Relevant-classical Logic KR4 was used. With the same existential 

interpretation of the quantifiers and the standard translation of the quarter quantified.  

Keywords: Categorical logic, Aristotelian syllogism, non-classical logic, Substructural 

logic, Axiomatic method. 
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$�;@ 2.3 .G�8D  ?���C��%,� ���=  

,!� �T7         �!� �T7 

Barbara (A1):  πaρ , ρaσ ⊢ πaσ     Cesare (B2):  πaρ , σeρ ⊢ Πeς 
Barbari (A*1):  πaρ , ρaσ ⊢ πiσ     Cesaro (B*2):  πaρ , σeρ ⊢ Πoς 
Celarent (A2):  πaρ , ρeσ ⊢ πeσ     Camestres (B5):  πeρ , σaρ ⊢ Πeς 
Celaront (A*2):  πaρ , ρeσ ⊢ πoσ     Camestrop (B*5):  πeρ , σaρ ⊢ Πoς 

Darii (A9)  πiρ , ρaσ ⊢ πiσ     Festino (B10):  πiρ , σeρ ⊢ Πoς 
Ferio (A10):  πiρ , ρeσ ⊢ πoσ     Baroco (B13):  πoρ , σaρ ⊢ Πoς 

                    

��� �T7         ��
8X �T7 

Darapti (C*1):  ρaπ , ρaσ ⊢ πiσ     Bramantip (D*1):  ρaπ , σaρ ⊢ Πiς 
Felapton (C*2):  ρaπ , ρeσ ⊢ πoσ     Fesapo (D*2):  ρaπ , σeρ ⊢ Πoς 
Disamis (C3):  ρaπ , ρiσ ⊢ πiσ     Dimaris (D3):  ρaπ , σiρ ⊢ Πiς 
Bocardo (C4):  ρaπ , ρoσ ⊢ πoσ     Camenes (D5):  ρeπ , σaρ ⊢ πeσ 
Datisi (C9):  ρiπ , ρaσ ⊢ πiσ     Camenop (D*5):  ρeπ , σaρ ⊢ πoσ 

Ferison (C10):  ρiπ , ρeσ ⊢ πoσ     Fresison (D10):  ρiπ , σeρ ⊢ πoσ 
  

2.3 ���� ���H�� �<� 0)�8% 6C�
 ���= ?��  

# C1 =df (A1) + (A2) + (A9) + (A10) + (B13) + (C4) + 

(SC1): σeπ⊢πeσ + (SC2): σiπ⊢πiσ 

# C2 =df C1 + (Su1): πaσ⊢πiσ + (Su2): πeσ⊢πoσ 

���� ?
��� ��G ,!�@ �� ��� �  �
�24 �/
> :3���!n ��"Q ��* �� �� ������� �  

 $�;@3.3.  ,� I��H ��C� ��JK�C1  �C2  

 3. 4. 5.    3. 4. 5. 
A*1 1,2, A1 3, Su1    C10 1, SC2 2, SC1 3,4, B10 
A*2 1,2, A2 3, Su2    C*1 1, Su1 2,3, C9  
B2 2, SC1 1,3, A2    C*2 2, Su2 1,3, C4  
B5 1, SC1 2,3, A2 4, SC1   D3 1,2, A9 3, SC2  
B10 2, SC1 1,3, A10    D5 1,2 A2 3, SC1  
B*2 1,2, B2 3, Su2    D10 1, SC2 2, SC1 3,4, A10 
B*5 1,2, B5 3, Su2    D*1 2, Su1 1,3, D3  
C3 2, SC2 1,3, A9 4, SC2   D*2 1, Su1 2,3, D10  
C9 1, SC2 2,3, A9    D*5 1,2, D5 3, Su2  
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3.3  $��L� M!� (��A��E  �O  

��@�� �� �F�@ ���@ I��� �� �:��� A���Y-� ����/
4�� �  ��) �� �
�» -  '&�� ���2 « !
» - '5�/ � «   &�� �� �&1 
&a/n G� ����
�� .��45�  ��=> 0�  �&	
��   �&�@��   �� ����/
4&�� �

�� 
� �� ?
����� ?
�G 63���� �U/BNF �� �"�� ��G :3��1  

# π ::= A | π′    φ ::= πaσ | πiσ 

# (D1): πeσ =df πaσ′   (D2): πoσ =df πiσ′ 

%��:� �� �@�� 
� ���� ?
�G �� ��  �
�(D1)  !(D2)  �#���A2, A10, C4, Su2 ��   j&����
 �#��� ?
�� W
����A1, A9, C3, Su1     34&5�� !� �&� ! ��4&5� ���G ?
�G �� �� ����
�� .��45�

��� W���1� �#���� ��� �� ��G �� :3���  

# C3 =df (A1) + (A9) + (B13) + (SC1) + (SC2) 

# C4 =df C3 + (Su1) 

 

4.3  M8!� NO� (��A��A  

# C5 =df (A1) + (A9) + (SC1) + (SC2) + (NC1): σaπ⊢π′aσ′ 

# C6 =df C5 + (Su1) 

 �#
�  �B13  �#��� 
� 
8�� j���� ��NC1  !A9 �� '��� .��n  
  

5.3  �<� (��A��»R%� S�� S�� ��«  

# C7 =df (A1) + (C9) + (SC1) + (Id): πaπ 

# C8 =df C7 + (Id*): πiπ 

 �1 ���1 �@��(Id*)   �#
� ,
�#� 
� 
8��Su1   �&�� �!� ��Id   �&� '&���    ����
&�� .�&�n
��345�� �� 
� K��!  [�) �+� �
�Id  �!=)� �� .3��  
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 $�;@4.3.  ;���D ��JK�A9, SC2, NC1, Su1  ,�C7  �C8 

(SC2): σiπ⊢C7πiσ  (NC1): σaπ⊢C7π′aσ′  (A9): πiρ,ρaσ⊢C7πiσ 
1. σiπ Pre  1. σaπ Pre  1. πiρ Pre 
2. σaσ Id  2. π′aπ′ Id  2. ρaσ Pre 
3. πiσ 1,2, C9  3. πaπ″ 2, SC1  3. ρiπ 1, SC2 
    4. σaπ″ 1,3, A1  4. πiσ 2,3, C9 

(Su1): σaπ⊢C8σiπ  5. π′aσ′ 4, SC1     
1. σaπ Pre         
2. πiπ Id*         
3. σiπ 1,2, A9         

  &�1  �
J4&�� ,!� �T7 �!�� G� [�) 3����u� �>�       �
&@ �&� �&1 '&�� �)
&1 
&8�� 63�
��� Datisi  ���Darii  ��45� MT#  �#
� !SC2 .3��1 �=V�
@ ��  

 �1 3���� ?
L/ 
a��� 
�C8     �&�� 34&5�� 0&�   �
&�� ���&� �#�&���    ����&��� �
&�
�� ���  !"# (Id)  %��:� !E  !O � �
�+� ���)�*!� �#�� �� .'�� ,��-� .�/ �   ���
&+#

�
�� �1 3���� ?
L/  
� 
8�� ������� �
�»2 %��:�« 6»2 ���« 6»1  �#
�  �&���� 0� � �� «
 !»2  �&&#
� �&&���� !� � �� « .'&&�� ���+���&&� �&&�
�I&&��� �&&���� �� ��&&� �
&&�  ��&&�

�)�:�  �� �
�� A
+B� ���� �1 3��1 ?n �� ������� �
� .3����/ �G
�/ 
�  
  

6.3 ���� �)�B�* ���= ?��  

# Ci+2 =df Ci + (Inv): π″aπ                       i∈{7,8} 

 ��� �1 ���1 �@��Inv  ��� ,��-� .�/Id  ��) ��π″eπ′ .'��  

 $�;@5.3. M!� � NO� ;���D R8H� 

  

�
�4

5�
 M

T#
  I)

���
 .

��/
 M

T#
  %

	
u
� .

��/
 M

T#
  

,�
�-

� .
�/

  |�
�

��
 .

�/
  

�
�
 .

�/
  

:'L>�� / ')�  ← → ← → ← → ← → ← → ← → 
'�� � %	� ��  C2 × C5 C9 C5 C9 C7 C9 C6 × C6 × 

'5�/ � %	� ���  C1 C8 × C8 × C3 C4 × C8 × 
'�� � %	� �P:�  C1 × × C7 C9 × × 
'5�/ � %	� �P:�  × C7 C9 C7 C9 C3 × × 
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4 .���12 3
� 4�#15� ��� '6 7#� '8�� 9�	��� �  

1.4 ?,�< (�*'  

  ��! 
� �� �+� ���� ?
�G~  �#
� ! �� [5� ��G 'Q
� � :3���  

#  �>�φ  ��=> 0�   
V/n 6�7
� �F�E �~φ .'�� ,���) 0� 

�#��a� ��� �  ,���)  
� �� ���� ?
�G �� �
�FmC �� ?
L/ .3���  
 

2.4 ���H�� �<� 0)�8%  

$�;@1.4. �,�AB M!� ;���D ?�  

(A17): πaρ,~πaσ⊢~ρaσ   (A18): ~πaσ,ρaσ⊢~πaρ 
(QN1): ~πiρ⊢πeρ   (QN2): πeρ⊢~πiρ 
(QN3): πaρ⊢~πoρ   (SC3): ~πeσ⊢~σeπ 
(QN4): πoρ⊢~πaρ   (QN5): πiρ⊢~πeρ 
(QN6): ~πoρ⊢πaρ   (QN7): ~πaρ⊢πoρ 
(QN8): ~πeρ⊢πiρ     

# Ci+4    =df    Ci + (QN1,2,4) + (A17,18) + (SC3);                            i∈{7,8} 

# Ci+4    =df    Ci + (QN1,2,4,7);                                                       i∈{9,10} 

P��� 1 :C13  !C14 \�45> j���� ��  �
�C11  !C12 .��45�  

 $�;@2.4. $V;)%� ��JK� ?��  ,� �CE
C11  �C13  

(QN6): ~πoρ⊢C13πaρ  (QN3): πaρ⊢C11~πoρ  (A17): πaρ,~πaσ⊢A13~ρaσ 
1. ~πiρ′ Pre  1. πaρ Pre  1. πaρ Pre 
2. πaρ″ 1, QN1  2. ρ′aρ′ Id  2. ~πaσ Pre 
3. ρ″aρ Inv  3. πaρ″ 1,2, B2  3. πaσ′ 2, QN7 
4. πaρ 2,3, Α1  4. ~πiρ′ 2, QN2  4. ρiσ′ 1,3, C3 
        5. ~ρaσ 4, QN4 
    (QN5): πiρ⊢C11~πeρ     
    1. πiρ Pre  (A18): ~πaσ,ρaσ⊢C13~πaρ 

(QN8): ~πeρ⊢C13πiρ  2. ρ′aρ′ Id  1. ~πaσ Pre 
1. ~πaρ′ Pre  3. πiρ″ 1,2, B10  2. ρaσ Pre 
2. πiρ″ 1, QN7  4. ~πaρ′ 3, QN4  3. πiσ′ 1, QN7 
3. ρ″aρ Inv      4. πiρ′ 2,3, B13 
4. πiρ 2,3, A9  (SC3): ~πeσ⊢C13~σeπ  5. ~πaρ 4, QN4 
    1. ~πeσ Pre     
    2. πiσ 1, QN8     
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    3. σiπ 2, SC2     
    4. ~σeπ 3, QN5     

C14 %�:�  ��  �7 �)�:� �:�+* l
4�4�� 345�� G� �� �&+/)� 1376(  ! �&+/)� 1385 ,
91 -101(  ��
7  �7 �s��� �@
4�4��  
V4�� .'��20 :'�� ��G  �#
�  

1 . ���Ferio  
2 .��Q���  �#
� !  
3 ..�/  �#
� 'L� ,��-�	�  
4 .��� .�/  �#
� 'L�  
5 .%FQ ?
���  �#
�  

  :��+/ 345�� �� 6,
p� ?���# ��         (EFQ): AiB,BeA⊢CaD  
 G
� �F`5�1 
�n :C14 + φ,~φ⊢ψ �'�� ��+/ 345�� ���� �#���� ��� 345�� 0�  

  

3.4 �*�!+ W*��  

 I��� �� ��
�� K���L  ��G A��� �� ���� %��:� :3��1  

# :�Q���          φ⊢Lψ or ψ⊢Lφ 

# :�
P�            ∃χ: φ,ψ⊢Lχ,~χ 

# :�
P� �� �Q��        ∃χ: ~φ,~ψ⊢Lχ,~χ 

# �
P� �� �Q�� + �
P� = .�
�� 

 $�;@3.4. �*�!+ W*��  

φ ψ �Q��� �
P� �
P� �� �Q�� .�
�� 
πeρ πiρ × C11 C11 C11 
πaρ πoρ × C11 C11 C11 
πaρ πeρ × C12 × × 
πiρ πορ × × C12 × 
πaρ πiρ C2 × × × 
πeρ πoρ C2 × × × 

       ~πaρ,~πορ ⊢C11 ρaρ,~ρ′aρ′ 2. ~πiρ′ Pre  4. ~ρaρ″ 1,3, A17 
1. ~πaρ Pre  3. πaρ″ 3, QN1  5. ~ρ′aρ′ 4, SC3 
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5 .���12 ���� �%  

1.5 ���H�� �<� 0)�8%  

φ ::= p | t | f | φ→ψ | φ&ψ    ~φ =df φ→f 

 $�;@1.5. ��)%� �@�)�)%� �SL°e  

(I): φ→φ   (Res): φ→(ψ→χ)⊣⊢(φ&ψ)→χ 
(Rt): φ⊣⊢t→φ   (E): φ→(ψ→χ)⊢ψ→(φ→χ) 
(T): φ→ψ,ψ→χ⊢φ→χ     

      
SL  ��  �7 �)�:�)Galatos and Ono 2010(%�:� 6  ���»I���   ��
4Q
&���G  «  '&��

 .'��  �7 ���R ?��1 
� �1SL  6%�:&P� ��
4Q
� �#��� CDE G�   6w
&+�/� �&�
@   ! ��
&@
'1�7 ���DR �47� �
5E G�     �&� '&��� ���8&7 I&��� �
�   .�&�nSLe )SL + exchange (
 ?
��SL  !"# �� ��
@ �>q�! �  ���� ��
@&  .'��SL '1�7  !"# ��    ?
&�� =&�/ ���DR
 I���»��
1 0+�	) «Full Lambek (FL⊥  ��  �7 �)�:�)Galatos et al. 2007( .'��  

SL°e  �
R K��! ��  ���� �SL A��� ?!�� ��:�)  �T+7 �
�∧,∨,⊥,⊤  A�
&+# �� .'�� (
 �V��SL°e %�:� ��
@ ��
4Q
���G I��� ��� .'�� ?
�G �� �� ��
@  

# FLºe =df SLºe + (a): [φ&(ψ&χ)]→[(φ&ψ)&χ] 

# IL =df L + (INV): ~~φ→φ;   L∈{SLºe,FLºe} 

IFLe  [�� I��� ?
�� K��! ��RW ^uR ��� ?!�� .'�� ���DR  

 $�;@2.5.  ���H�� �<� 0)�8% ,� ;���D '� �X* ��JK�FLe  

   (N1): ⊢FL°e~(φ&ψ)→(φ→~ψ) 
(MP): φ,φ→ψ⊢SL°eψ   1. ~(φ&ψ)→~(φ&ψ) I 

1. φ Pre   2. ~[(~(φ&ψ))&(φ&ψ)] 1, Res 
2. φ→ψ Pre   3. [[~(φ&ψ)&φ]&ψ]→ 

[~(φ&ψ)&(φ&ψ)] a′ 3. t→φ 1, Rt   
4. t→ψ 2,3, Τ   4. ~[[~(φ&ψ)&φ]&ψ] 2,3, T 
5. ψ 4, Rt   5. [~(φ&ψ)&φ]→~ψ 4, Res 
     6. ~(φ&ψ)→(φ→~ψ) 5, Res 

(e): ⊢SL°e(φ&ψ)→(ψ&φ)      
1. (ψ&φ)→(ψ&φ) I   (N2): ⊢FL°e(φ→~ψ)→~(φ&ψ) 
2. ψ→[φ→(ψ&φ)] 1, Res   1. (φ→~ψ)→(φ→~ψ) I 
3. φ→[ψ→(ψ&φ)] 2, E   2. [(φ→~ψ)&φ]→~ψ 1, Res 
4. (φ&ψ)→(ψ&φ) 3, Res   3. ~[[(φ→~ψ)&φ]&ψ] 2, Res 
     4. [(φ→~ψ)&(φ&ψ)]→ 

[[(φ→~ψ)&φ]&ψ] a (M): φ→ψ⊢SL°e(χ&φ)→(χ&ψ)   
1. φ→ψ Pre   5. ~[(φ→~ψ)&(φ&ψ)] 3,4, T 



  !�"#$!% �&!'�� ����1: ) ...�+,�-$!� .�/�.!� 	 0�1!�2 $��3(   15 

2. (ψ&χ)→(χ&ψ) e   6. (φ→~ψ)→~(φ&ψ) 5, Res 
3. ψ→[χ→(χ&ψ)] 2, Res      
4. φ→[χ→(χ&ψ)] 1,3 , T   (C): ⊢FL°e(ψ→~φ)→(φ→~ψ) 
5. χ→[φ→(χ&ψ)] 4, E   1. (ψ→~φ)→~(ψ&φ) N2 
6. (χ&φ)→(χ&ψ) 5, Res   2. (φ&ψ)→(ψ&φ) e 
     3. ~(ψ&φ)→~(φ&ψ) 2, Sf 

(Sf): φ→ψ⊢SL°e(ψ→χ)→(φ→χ)   4. (ψ→~φ)→~(φ&ψ) 1,3, T 
1. φ→ψ Pre   5. ~[(ψ→~φ)&(φ&ψ)] 4, Res 
2. (ψ→χ)→(ψ→χ) I   6. [[(ψ→~φ)&φ]&ψ]→ 

[(ψ→~φ)&(φ&ψ)] a′ 3. ψ→[(ψ→χ)→χ] 2, E   
4. φ→[(ψ→χ)→χ] 1,3, T   7. ~[[(ψ→~φ)&φ]&ψ] 5,6, T 
5. (ψ→χ)→(φ→χ) 4, E   9. (ψ→~φ)→(φ→~ψ) 7, Res2 
        

(Pf): φ→ψ⊢SL°e(χ→φ)→(χ→ψ)   (SC3): ~(φ→~ψ)⊢FL°e~(ψ→~φ) 
1. φ→ψ Pre   1. ~(φ→~ψ) Pre 
2. (χ→φ)→(χ→φ) I   2. (ψ→~φ)→(φ→~ψ) C 
3. [(χ→φ)&χ]→φ 2, Res   3. ~(ψ→~φ) 1,2, T 
4. [(χ→φ)&χ]→ψ 1,3, T      
5. (χ→φ)→(χ→ψ) 4, Res   (N4): ⊢FLºe(φ&~ψ)→~(φ→ψ) 
     1. (φ→~ψ)→~(φ&ψ) N2 

(a′): ⊢FL°e [(φ&ψ)&χ]→[φ&(ψ&χ)]   2. (φ&ψ)→~(φ→~ψ) 1, E 
1. [(φ&ψ)&χ]→[χ&(φ&ψ)] e      
2. (φ&ψ)→(ψ&φ) e   (N7): ⊢IFLºe ~(φ→ψ)→(φ&~ψ) 
3. [χ&(φ&ψ)]→[χ&(ψ&φ)] 2, M   1. ~(φ&~ψ)→(φ→~~ψ) N1 
4. [χ&(ψ&φ)]→[(χ&ψ)&φ] a   2. [~(φ&~ψ)&φ]→~~ψ 1, Res 
5. [(χ&ψ)&φ]→[φ&(χ&ψ)] e   3. ~~ψ→ψ INV 
6. (χ&ψ)→(ψ&χ) e   4. [~(φ&~ψ)&φ]→ψ 2,3, T 
7. [φ&(χ&ψ)]→[φ&(ψ&χ)] 6, M   5. ~(φ&~ψ)→(φ→ψ) 4, Res 
8. [(φ&ψ)&χ]→[φ&(ψ&χ)] 1,3,4, 

5,7, T4 
  6. ~(φ→ψ)→~~(φ&~ψ) 5, Sf 

    7. ~~(φ&~ψ)→(φ&~ψ) INV 
     8. ~(φ→ψ)→(φ&~ψ) 6,7, T 

  

2.5 �YA@ Z+�� ?�J@ �%��/���  

 0�» !�>   �&/
� �s=@ j��� ��!  �&�
@ ��   �&��/ ��
&@   �&T� 
&� ���« )pointed commutative 

residuated partially ordered groupoid with unit     0&� �&�"Q ��&* �&� 
� (SL°e -  �
4Q
&�
0� 6 - j��� ��
�P=<A,≤,&,→,f,t>  �1 ���* �� 6'��f∈A !  

# <A,≤> �#��a� 0� .'�� �s=@ j��� � 

# <A,&,t>  !�> 0� �T� ��! ��
@ ��� .'�� ��
@ 

#  �/
� ) ��
�residuation:(      x≤y→z ⟺ x&y≤z 

 0�SL°e - ��
� !� ,��R=<P,I>  �1 ���* �� '��P   0&�SL°e -  ! �
4Q
&�I   0&�
�#��a� G� K�
� �F�@) 
����4� � �/
L/  �� (
�A .'��  
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 �� ����SL°e - ,��R  0�SL°e - �p� K�
� 0� ���7G��VR �#��a� G�  ,�&��) �   
&�
 ��A :�1 ���* �� '��  

# VR(p)=I(p)    p∈Var 

# VR(c)=c    c∈{f,t} 

# VR(φ⋆ψ)=VR(φ)⋆VR(ψ)  ⋆∈{→,&} 

:�+4:� ,i�4�� %��:� �Qn �� !  

# R⊨φ ⟺df t≤VR(φ)  (,�� �� ���) 

# Ψ⊨φ  ⟺df ∀R: ∀ψ∈Ψ,R⊨ψ ⟹ R⊨φ 

  !"# ��SL°e - �
4Q
�P 0�  

# FL°e - �>� 
8�� ! �>� '�� �
4Q
�& '1�7 .�7
� ��DR 

# ISL°e -8�� ! �>� '�� �
4Q
� �>� 
~~x≤x. 

# IFL°e - �>� 
8�� ! �>� '�� �
4Q
�FL°e - ! �
4Q
�ISL°e -.�7
� �
4Q
�  

P��� 2 �� ���� :L∈{SL°e,FL°e,ISL°e,IFL°e}:       Γ⊨Lφ ⟺ Γ⊢Lφ 

       I&��* G� �&�:� ����/
4&�� A��&� �&� �>�
&� �� (��� '-�) �X �� '��� '��
�V/ ��� ! �#���� ,��� ?��� �+4:� A
+B� 
� ��� x���4�� �   �&� '&��� �&#��� ���   .�&�n

 ?!�&��	 �+@ I��* G� ����/
4�� �T7 �� =�/ (��� ��+@ '��
��) '��� �� �X '��   �!
&�
)Lindenbaum algebra�� A
+B� ��G %��:� 
� ( :��7  

# [φ]Γ
L=df{ψ∈Fm|Γ⊢Lφ→ψ,Γ⊢Lψ→φ} 

# LΓ=df{[φ]Γ
L|φ∈Fm},                                  [φ]Γ

L≤Γ
L[ψ]Γ

L ⟺df Γ⊢Lφ→ψ 

# cΓ
L=df[c]Γ

L; c∈{f,t},                     ⋆Γ
L([φ]Γ

L,[ψ]Γ
L)=df[φ⋆ψ)]Γ

L; ⋆∈{→,&} 

# LNΓ
L=df〈LΓ

L,≤Γ
L,&Γ

L,→Γ
L,fΓ

L
,tΓ

L〉 

)�> 3����Q '�
8/ �� �1 �J5F) �a�4/ �� �4+	�  '&�
J1 
� ���� ��� '-� ��P���) 6'
�� ,i�4�� ?��� ?
L/ ����) .3����/ '��
�� �� �G
�/ ! ��1 A
+B� �
� (��DR
/  
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6 .	<=>� �? 7#� '��� @A>�.� ����  

  I&��� ���&� ?
�G       �&� ?
&�G ?
&�� '�&5� &�� �
&�  ����/
4&�� ��»   ,!� �&+��� I&���
0�  �:��� «  I&��� ���&� ?
�G ��
R ��    ��=&> �
&�   .'&�� �&+� �� X  !Y    j&���� �&� ��

�#��a�  '�
B G� ��
�7 �8�
/ �
� .����V� ���) �
����4� ! ���) �
�  
# φ ::= f | t | Aa | Ax | φ&ψ | φ→ψ | ∀αφα | ∃αφα;     a∈X, x,α∈Y, A∈� 

 �>�ψ  ��Gn ���� ��
)α  �&� 6�7
�       3�&5��/α∉ψ .a� �&#��  �&�� �   ,�&��) &�� �   �� 
&�

�  FmQ �� ?
L/ .3���  

 $�;@1.6. �,�AB �,�;��)%� 6�@�+ ���= ?��  

AaB = ∀x(Ax→Bx)    AiB = ∃x(Ax&Bx) 
AeB = ∀x(Ax→~Bx)    AoB = ∃x(Ax&~Bx) 

  

1.6 ���H�� �<� 0)�8%  

# LQ =df L + (∀1): ∀αφα→φβ + (∃1): φβ→∃αφα + (∀I): φ⊢∀αφα + 

(∀2): ∀α(ψ→φα)→(ψ→∀αφα) + (∃2): ∀α(φα→ψ)→(∃αφα→ψ);               α∉ψ 

# LQ* =df LQ + (I*): ∃α(φα&φα) + (I**): ∃α(~φα&~φα);                φ∈� 

Q7 =df SL°eQ   Q8 =df SL°eQ*   Q9 =df ISL°eQ   Q10 =df ISL°eQ* 
Q11 =df FL°eQ   Q12 =df FL°eQ*   Q13 =df IFL°eQ   Q14 =df IFL°eQ* 

                  

$�;@ 2.6. JK� ,� ;���D '� �X* ��Q5  

(M∀): φ→ψ⊢Q7∀αφ→∀αψ  (M∃): φ→ψ⊢Q7∃αφ→∃αψ 
1. φβ→ψα Pre  1. φα→ψβ Pre 
2. ∀αφα→φβ ∀1  2. ψβ→∃αψα ∀1 
3. ∀αφα→ψα 1,2, T  3. φα→∃αψα 1,2, T 
4. ∀α(∀αφα→ψα) 3, ∀I  4. ∀α(φα→∃αψα) 3, ∀I 
5. ∀α(∀αφα→ψα)→(∀αφα→∀αψα)  ∀2  5. ∀α(φα→∃αψα)→(∃αφα→∃αψα)  ∀2 
6. ∀αφα→∀αψα 4,5, MP  6. ∃αφα→∃αψα 4,5, MP 
       

(∃3): φα→ψ⊢Q7∃αφα→ψ; α∉ψ  (∃4): ~φα⊢Q7~∃αφα 
1. φα→ψ Pre  1. ~φα Pre 
2. ∀α(φα→ψ) 1, ∀I  2. ∀α~φα→~φα ∀1 
3. ∀α(φα→ψ)→(∃αφα→ψ) ∃2  3. φα→~∀α~φα 2, E 
4. ∃αφα→ψ 2,3, MP  4. ∃αφα→~∀α~φα 3, ∃3 
    5. ∀α~φα→~∃αφα 3, E 

(∀E): ∀αφα⊢Q7φβ  6. ∀α~φα 1, ∀I 
1. ∀αφα Pre  7. ~∃αφα 5,6, MP 
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2. ∀αφα→φβ ∀1     
3. φβ 1,2, MP  (∃5): ∃α~φα⊢Q7~∀αφα 
    1. ∃α~φα Pre 

(∃I): φβ⊢Q7∃αφα  2. ∀αφα→φα ∀1 
1. φβ Pre  3. ~φα→~∀αφα 2, Sf 
2. φβ→∃αφα ∃1  4. ∃α~φα→~∀αφα 3, ∃3 
3. ∃αφα 1,2, MP  5. ~∀αφα 1,4, MP 

  

2.6 �H�� [C �V��L� ���� ,� ���= ���� ��JK�  

S  G� K�
� 0� ��Y×�′  ��FmQ ���
� 
� :����V� ��G �  

Sxφ =df S(x,φ)  Sxφ = φx; φ∈�   Sxπ′ = ~Sxπ 

T  G� K�
� 0� ��FmC  ��FmQ ���
� 
� :����V� ��G �  

T(πaρ) = ∀x(Sxπ→Sxρ)   T(πeρ) = ∀x(Sxπ→~Sxρ) 

T(πiρ) = ∀x(Sxπ&Sxρ)   T(πoρ) = ∀x(Sxπ&~Sxρ) 

T(~φ) = ~T(φ) 

P��� 3 �� ���� :i∈{7,…,14}  !Ψ∪{φ}⊆FmC    :Ψ⊢Ciφ ⟹ {T(ψ)|ψ∈Ψ}⊢QiT(φ) 

���4�� 
�x  �#��� ! ,��� �
�� �1 '�� �)
1 
8��Ci  ��Qi .�/�7 A
+B�  

 $�;@3.6. ���= ���� ��<� ;���D ��JK�  

    1  2  3  4  5  6 
Q7 ∀x(Ax→Ax)   I  1,∀I         

Q7 ∀x(Ax→Bx),∀x(Bx→Cx) 
⊢∀x(Ax→Cx)   Pre  Pre  1,∀E  2,∀E  3,4,T  5,∀I 

Q7 ∀x(Ax→~Bx)⊢∀x(Bx→~Ax)   Pre  1,∀E  2,E  3,∀I     

Q7 ∃x(Ax&Bx),∀x(Bx→Cx) 
⊢∃x(Ax&Cx)   Pre  Pre  1,∀E  3,M  4,M∃  1,5, 

MP 
Q9 ∀x(~~Ax→Ax)   I  1,∀I         

Q7 ∀x(Bx→Ax),~∀x(Bx→Cx) 
⊢~∀x(Ax→Cx)   Pre  Pre  1,∀E  3,Sf  4,M∀  5,T 

Q7 ~∀x(Ax→Bx),∀x(Cx→Bx) 
⊢~∀x(Ax→Cx)   Pre  Pre  1,∀E  3,Pf  4,M∀  5,T 

Q7 ~∃x(Ax&Bx)⊢∀x(Ax→~Bx)   Pre  ∃I  1,2,T  3,Res  4,∀I   
Q7 ∀x(Ax→~Bx)⊢~∃x(Ax&Bx)   Pre  1,∀E  2,Res  3,∃4     

Q11 ~∀x(Ax→~Bx)⊢~∀x(Bx→~Ax)   Pre  C  2,M∀  1,3,T     
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Q11 ∃x(Ax&~Bx)⊢~∀x(Ax→Bx)   Pre  N4  2,M∃  1,3,MP  4,∃5   
Q13 ~∀x(Ax→Bx)⊢∃x(Ax&~Bx)   Pre  1,∀E  N7  2,3,MP  ∃I   

               

 ���� �� 3TE 
a��� 
�Q7,Q9,Q11,Q13 �1 '�
B   34&5�� �&��� ���&� i
E .3��    �)
&1 
&�
��P���) �1 '�� :3��1 '�
B �� ��G �  

(I*n): ⊢Q8∃α(~
n
Aα&~

n
Aα);   ~

0
φ =df φ,     ~

n+1
φ =df ~~

n
φ 

  �!� x���4&&�� 
&�2n  !2n+1 �&&� '&&�
B �
&&> .3�&&�1  ,�&&�� G� ��
&&��� �
&&�(I*)  !(I**) 
'���  �� �
> ���� .��n �1 '�� �)
1 
8�� =�/ x���4�� �
�  �#
� :��7 '�
B ��G �  

∃α(φα&φα)⊢Q8∃α(~~φα&~~φα) 

 
� ��U�� �� ����(MP)  !(M∃) :�1 ��7 '�
B �1 '�� �)
1 

⊢SL°e(p&p)→(~~p&~~p) 

 ,
�#� 
� ��4�� .'��  �
� A
+B�(E)  �!�~p→~p  ��p→~~p ��   
&� MN� .3���(M)   �&�
(p&p)→(p&~~p)  �&�      
&� �&V�� C�&* G� .3�&��(M), (e), (T)  �&� (p&~~p)→(~~p&~~p) 

��  
� '�
8/ �� .3���(T) �� A
+B� ���=� ,���) .��7  
 G
� �F`5�2 
�n :Ci �
R 
�  G� ��Qi���45� 
�  

  

3.6 6B�� �%��/��� ?�  

 0�LQ - 0� ,��4 - j��� ��
�R=<P,D,P,I> �1 ���* �� '�� 

# P  0�L - �1 �*�7 �� '�� �
4Q
�<A,≤> ) ��
1complete.�7
� ( 

:��:�) ∀B⊆A: supB∈A & infB∈A( 

# D �#��a� 0� .'�� ����� �
/ �� �8�
/ � 

# P �#��a� 0�   G�» G� K����D  ��A «.'�� 

# I :'�� ��G A��� �� K�
� 0� 

I: X→D   I: �→P 

 �� ����LQ - ,��R K�
� 6[]R: X∪{ō|o∈D}→D ���
� 
� �� :����V� ��G �  

[c̅]R = ef(c̅), c̅ ∈ X
c, c̅ ∉ X 
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P̅ �#��a� �� ��� �  ��=> � ,���)) 
�   �� (��Gn �&��4� ?!�� �
�FmQ     
&� 
&8�� 6�&���V�
�1 A!
J� ��X∪{ō|o∈D}  �=V�
@X .��7  
 �� ����LQ - ,��R  0�LQ - K�
� 0� ���7G��VR: P̅→A :�1 ���* �� '��  

# VR(c)=c;     c∈{t,f}               VR(φ⋆ψ)=VR(φ)⋆VR(ψ);     ⋆∈{→,&} 

# VR(φō)=I(φ)([ō]R) 

# VR(∀αφα)=inf{VR(φō) | o=[ō]M, o∈D} 

# VR(∃αφα)=sup{VR(φō) | o=[ō]M, o∈D} 

 ,���) ���1 w�)φ  ���) �
����4� ��
7 W
����α1,...,αn     �&1 ���&* �&� �7
�φ   ��
&7
 ���∀αi  !∃αj                                             .�7
+/Cl(φ) =df ∀α1...∀αnφ 

:�+4:� ,i�4�� %��:� '�
8/ ��  

# R⊨φ ⟺df t≤VR(Cl(φ))  (,�� �� ���) 

# Ψ⊨φ  ⟺df ∀R: ∀ψ∈Ψ,R⊨ψ ⟹ R⊨φ 

 0�LQ - 0� ,��LQa -:�7
� ��G �>q�! !� ����� �>� 
8�� ! �>� '�� ,��  

(RI*): t≤sup{p(o)&p(o) | p∈P, o∈D} 

(RI**): t≤sup{~p(o)&~p(o) | p∈P, o∈D} 

@�� �>� �1 ���1 �A ��  �
� ��G A��� �� �>q�! !� �� 6�7
� ��
�4� :�/�7  

∀p∈P∃o∈D:   t≤p(o)&p(o), t≤~p(o)&~p(o) 

P��� 4 �� ���� :L∈{Q7,…,Q14}  :       Γ⊢ALφ ⟹ Γ⊨Lφ  
�4T/ ! �7 ����Q '�
B ����/
4�� A��� �� �>�
� �� .����/ ��
Q ��) �  

  

4.6 �;� ��� 6* ?��@� ;-+ � ��� ?�� ,C14  

 0� ��4��Q14 -�� �)�:� ,��  .3��1D �#��a� �� ��� �    �� ����
&�� .�&���V� A���@�� �
  �&� ?
&L/ 
�� .3���� ���@! �8:� v
Q ��
�� �� j5/ ,�� ��      ,�&� &�� �� �&1 3�&��

3�     �
&/ �&� '+&5/ ���&@! �8:� ?
�X    .3����&/ �
&# �
&�       
���&� �&�+:� �&1 �&��1 �&@��
���@! "1 I��� ��/
� .'��.��Gn I��� �/ ! 0�� 
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P      [&�� I&��� �&7G���
8X �&�
�7
�:� G� ��
E �
4Q
� ��KR    (��&X �&�
�7
�:�)
 .����V�E"))� 1391 ,249 -253(  

A={⊥,f,t,⊤}, ⊥≤f≤⊤, ⊥≤t≤⊤ 

 ~   → ⊥ f t ⊤   & ⊥ f t ⊤ 
⊥ ⊤   ⊥ ⊤ ⊤ ⊤ ⊤   ⊥ ⊥ ⊥ ⊥ ⊥ 
f t   f ⊥ t ⊥ ⊤   f ⊥ ⊤ f ⊤ 
t f   t ⊥ f t ⊤   t ⊥ f t ⊤ 
⊤ ⊥   ⊤ ⊥ ⊥ ⊥ ⊤   ⊤ ⊥ ⊤ ⊤ ⊤ 
                

 �1 ���1 �@��t≤f&f=⊤  
�� '��t≤f .'5�/  
A 6B  !a ,��-� j���� �� ��  �
�»?
5/�« 6»��� « �
&/ !  « ��
&# «   ����
&�� .�&���V�∃xBx 

�� ��+:� W���87  �1 ��7»���� ��@! ��� .«i
E :���� ����  

# I(A)=g I(a)=h   I(B)=i 

# g(c) = e⊤, c ∈ {Humans}
⊥, c ∉ {Humans}  i(c) = el, c = h

⊥, c ≠ h 

 ,�� �� ��VR(∃xBx)=f<t:,�� �� �� ����
�� .  

#  ��=>  �
�»��45� ��� 
���� �P:� « !»   ��4&5� ?
&5/� 
&���� �P:� «  ��&� \G��
⊤  �� �1 �	
E �� .�/��> 

#  ��=>  �
�»���� ��@! ��� « !»� ��� ��
#'� « �D1 \G��f �� .�/��> 

  G
&&� �F`&5�3   I&��� �&&�X W
&���� :4  �&&7G��IFL°e⊆L   ?
&&�G 
&�{→,&,f,t}  ���� ��&&@!
�1 ⊬ALQa∃xAx�  
  

5.6 $�� 6J+�� ��@� $��L� (��A��  

E! �/
L/ ,��-� 0� ��      �&��� ���&� �&�:� .�&���V� v
Q �E!∈� .E!    ,�&�-� W���8&7 ��
�F�@ ����
�� .���1 ��+:� ��@!  �
��F�8�  �»���� ��@! ?
5/� « !»  '&�� ��&@�� ?
5/� « ��

�� ��G A��� !� G� �T� �� :��1 ��@�� ?���  

1 .:'�� ��@�� ?
5/� ��        AaE!, ∀x(Ax→E!x)  
2 .?
5/� �P:� :��45� ��@�� 
�      AiE!, ∃x(Ax&E!x)  

 ��� i
E»�7) �=�X �� '�� ��@�� (�� «�� �)
�� ��G A��� �� �� :3��1  

# AQ15 =df AQ14 + (E!): ∀αE!α 
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#  0�Q14 - 0� ,��Q15 -          �>� 
8�� ! �>� '�� ,��∀o∈D: t≤E!o 

 �� ����
��Q15 �
/ �� '+5/ W
-��� 
�        ���&� i
&E .3&���� ���&@! �&8:� v
&Q �
�
��  3��� ?
L/ �1C14  
&/ �� '+5/ ���@! �8:� ��
)�        �&1 '&�� �)
&1 6'&�� �
&# �
&�

?
L/   :3���         ⊬Q15∃x(Bx&E!x)  
:�T���  !"# �� ����V� �U/ �� �� �+� '�5���G ,�� ?
�� 

# I(E!)=n,    n(c) = o p, c = h
⊤, c ≠ h 

 :3����sup{⊥&⊤,f&t}=f ����
�� .∃x(Bx&E!x)  ��Q15 A
+B� .'�� ��DR
/  
  

6.6 �;� �;� 6* ;-+ ��� ��� ?��  

     ���&�  �&7 �&4J> ,�&� ��Q15   ,�&��) !� �&� 6∃x~E!x  !∃x(~E!x&E!x)   �D&1 \G��f 
345�� �
�� ����
�� .�/���  �/ �	
�� �� ��  �7 �4J> �
�   �
&/ ��&@! �&�      �&� �&/ ! �
&# �
&�

��# �
/ ��@! .�/��� �8:� �
# �
�  
  

7.6 ���� 6�8� ?�� ��]  

38� I��� �>q�! ���  �G
) �
�»���/  �&�Q) «semilinear     �� I&��� 0&� .'&�� ?n ?��&� (
���/ �� ��Q ��
/   ) �&�a/G 0&� �&� '+5/ �>� 
8�� ! �>� �chain     ! {�-&� ��&� ��&* �&� (
�
��   ��a/G �� �� .�7
�<A,≤>   :3����         ∀x∈A: (x≤y or y≤x) 

P��� 5 :L ���/ \�45> 0� ��  G� ��QQ8 :����V�     ⊢L∃xAx  
 ��)Cintula and Noguera 2010(  �1 '��  �7 '�
BL :'�� ��G �>q�! ����� 

(SLP): Γ,φ→ψ⊢Lχ  and Γ,ψ→φ⊢Lχ   ⟹   Γ⊢Lχ 

:�1 ��7 '�
B '�� �)
1 
8�� ����
��      ∃xAx→t⊢L∃xAx  
1. ∃xAx→t Pre  7. Ax→(t→Ax) 6, E 
2. Ax→∃xAx ∃1  8. (Ax&t)→Ax 7, Res 
3. (∃xAx→t)→(Ax→t) 2, Sf  9. (Ax&Ax)→Ax 5,8, T 
4. Ax→t 1,3, MP  10. ∃x(Ax&Ax)→∃xAx 9, M∃ 
5. (Ax&Ax)→(Ax&t) 4, M  11. ∃x(Ax&Ax) I* 
6. t→(Ax→Ax) I, Rt  12. ∃xAx 10,11, MP 
       

\�45> G� ���1 �� ����
�� ���/ �
�  ��QQ8 �
/ �� .�/��� ���@! �8:� �
# �
�  
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7 .'C��� 9��2 

I��� G� �P:�   I&��� �&�F-� ! ����� ���� 0��"1��2 �
�      ����&��� A
&�
�� ! �4�&�
��"1 I��� �� '+5/       �&#��� G� ��
�&5� �&� �G
&�/ �&V�� �&T��� �� .��45� ����n�
1 0

    ?��&�# �&� .'&7�� 3����u/ 6�/��� ��
�7
�:� ! �-/ �� �/�!��) �J5F) A
:+� �1 0��"1
�
�� A
+B� ���� �1 3���� ?
L/ ,
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