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Abstract
Planets occasionally quit their prograde motions and go against their
normal direction, said retrogression. Happening for differences in
orbital velocities of planets and earth, retrogression loops not only are
unequal at forms and scales but appear everywhere in the sky.
Applying the concentric epicycle-deferent model makes the similar
regular loops, but it does not correspond to observations; thus,
employing eccentre deferent is needed. Description of the
phenomenon is the subject of Book XII of the Almagest. Ptolemy
explained some necessary lemmas for his geometrical explanations
and examined his justifications by few specified positions for every
planet. This paper studies contents of a treatise note on retrogression
attributeddb Mu ayyad al[Din al['Urdi, one of the invited scholars to
founding Maragha observatory. Apart from his skills and
achievements in designing and manufacturing astronomical
instruments, he was a proficient theorist astronomer with educational
experiences. The present treatise is an informative text similar to other
known‘workslof ‘Urdiiin precision and consideration of the matter’s
geometrical aspects. He has attempted to encounter the phenomenon
holistically instead of checking parameters in the case studies to
present regulationaising Apollonius’ theorem.

Keywords: Almagest, Apollonius, eccentric model, epicycle-deferent
model, Mu’ayyad allDin allUrdi, prograde motion, Ptolemy,a
retrograde motion.
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Introduction

Historical review

Babylonians had several registration types for astral phenomena, and
they were interested in synodic cases, such as retrograde arcs. They
have recorded their observations and predictions of stationary points,
especially for outer planets. In retrogression, the plant keeps its
longitude while its latitude changes for several days; the farther the
planet, the longer its retrogression. So Babylonians could observe this
event easily (Steel, 2, 3 & 6). They defined two mathematical systems
to explain planetary phenomena. System A was based on the step
function, while system B showed a linear zigzag function. It seems
system A was used for exposition aspects such as the first station;
however, they had different methods for retrograde motion or second
station (Neugebauer, 1954, 81-82). For, some studies have suggested
Babylonian observed stationary points for making the system A and B
(De Jong, 2019).

Eudoxus, a pioneer in explaining this complex motion, had
suggested homocentric spheres for the planets. For the representation
of the retrogression, he devised a two-sphere system that could
generate a figure-eight path. According to the Aristotelian system,
heavenly bodies were supposed to have uniform circular motion.
Consequently, any justification for retrogression should have
produced by a combination of circles. Later, Apollonius, whose
theories have received us through Ptolemy, introduced two simple
equivalent models: eccentric and epicycle-deferent models (Toomer,
141-145). He could display a mechanism for retrograde motion by two
circles. Ptolemy, who preferred the eccentric model in the case of sun
for its simplicity, occasionally used a combination of both models to
explain planetary movements in the Almagest. He then devoted Book
XIl to retrogression; in this Book, he has demonstrated several
lemmas and has given detailed descriptions for the subject, which was
the base of the upcoming works about retrograde motion. Here, |
briefly review Book XIlI.

According to Ptolemy, Apollonius showed that it is possible to
produce the retrograde arcs using the epicycle-deferent model. In his
scheme, while an epicycle is traveling upon the circumference of the
deferent, the path of a fixed point on the epicycle projects a limagon.
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In fact, it makes one of three types of limacon (dimpled, cardioid, and
looped) based on the radii and speeds of the epicycle and deferent.
When the planet has retrogression, its path can project a looped
limagon, but if it only has a stop, the path makes a cardioid curve
(Barbour, 144-149). So Apollonius presented a condition for
occurrence retrogression (in the eccentric model, it happens as well).
To make it short, the condition for both models is:

1- Suppose the eccentric orb has a concentric mover, which
makes it move at the speed of the mean sun, by a line
intersecting the eccentric orb through the center of the

VW
ecliptic, if it satisfies Apollonius’ theorem, == —=£ we can

see the planet stops at S (S=stationary point, w,..=angular
velocity of the center of the eccentr, w,=speed of the planet,
see figure 1).

O: center of the eccentric orb

T: center of the ecliptic

Figure 1. Stationary points in the eccentric model (see. Tisi, 1/139)

2- If the epicycle goes upon the circumference of the concentric

deferent, by drawing a secant of the epicycle through the

et
center of the universe, the planet stops at S, when E = u—f
(S=stationary point, w_.=angular velocity of the center of the
epicycle, w,=speed of the planet).
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S1

V2

S

Figure 2. Stationary points in the epicycle-deferent model (see Tsi, 1/139)

And Apollonius’ theorem for the stationary point is displayed in the

following figure (Figure 3).

T

Figure 3. Applying Apollonius’ theorem on the retrograde loop.

To present a single method capable of explaining the phenomenon
in both models, Ptolemy has demonstrated a lemma to take advantage
of a property related to inversion. It says K is an inverse point of T. In
the following circle, two triangles ACKQ, ACQT are similar; therefore,
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the similarity ratio is ¥ = CT.CK, and r is said power of the circle.
By applying componendo and dividendo on similarity ratio:

CT+r _ r+CK  Rir _ r+d
CT—r r—CK R—r r—d
Rir _Tdy _ Kdy _ Apax
E—-r TO, K, A
A ..
So Ptolemy could preserve%. Consequently, as long as the ratio is
LN

constant, the observer’s, displacementadoesInot affect, the results of
Ptolemy’s demonstrations eithert inf eccentrica ora epicycle-deferent
models (Pedersen, 333, 340).

R=CT
r=CQ
d=CK

Figure 4. T and K are inversed points with respect to the inverse circle of
inversion radius r, K is said pole, and the line through T is the polar line.

However, using the epicycle-deferent model, we would see the
same retrograde arcs (see figure 5), but observations do not support
this theory (see figure 6). In other words, Ptolemy needed the
eccentricity to produce otherkforms. Moreover, Apollonius’ theorem

1. Apparently this term defined by Jakob Steiner in the 19™ in his Einige
geometrische Betrachtungen (Some Geometrical Considerations), originated in
proposition 35, Book Ill, Euclid’s Elements.
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cannot apply in a nonconcentric epicycle (Pedersen, 341). So, for
applying eccentricity, Ptolemy gave his solutions in three specific
points plus an extra one computing by regression for each planet
(Neugebauer, 1975, 1/192-201; Pedersen, 345-349) where limited
practicing of Apollonius theorem is possible (Pedersen, 341).

Trajectory of epicycle

Figure 5. Zero eccentricity results in equal retrograde loos.

Observed retrogression arcs for the planets show other forms such as:

/7

Figure 6. Observed retrograde loops.
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Retrogration in astronomical works in Islamic period

Many scholars wrote commentary on the Almagest or have compiled
theirfbooks influenced by Ptolemy’s works in the Islamic period.
Despite the genre, they generally had a brief note on retrogression
suchMsaQattan Marwzi' or Sharaf al-Din Mas‘@idi.? However, several
authors assigned more attention to details, for instance, Biriin1,* Jabir
ibn Aflah,* al-Kharaqi,’ and Shirazi® have presented more
explanations or demonstrations in their works.

The present treatise, Mas ‘alat fr al-Ruji * wa al-lstigama (prograde
and retrograde motion), deals with retrograde motion based on the
Almagest; it has been presented in two parts: a needful geometric
introduction and description of the phenomenon. The first part begins
with Ptolemy’s third lemma, callednApollonius’alemma; the second
part is about giving the general rules for the phenomenon as
mentioned earlier, instead of case studies. The treatise goes into detail
about the retrograde motion and brings out examples related to the
subject. ‘Urdit has a creative method in the given examples, as he has
employed subsidiary circles whether for shifting a point or displaying
chords. Representing chords in a circle identical to the diameter of
another circle (see figures 12 & 17 & 18), He has made imaginary
circles to show the correlation between speeds and diameters instead
of chords and also eliminatedthet numbernoneahalf ini Apollonius’m
theorem (Ptolemy, 559). It is unknown if using this fashion was
simply an educational tactic, such as helping the audience conceive
the epicycle’s motion upon the deferent or not. Since every epicycle
whose chord is the diameter of another epicycle can display shifting in

1. A Persian astronomer lived in the 11™ century. For his comments on retrograde
motion cf. GayhaniSendxt, 101- 104

2. A Persian astronomer, mathematician, and geographer lived in the second half of
the 13™ century. For his explanation of retrogression cf. Jahan Danish, 81- 83

3. Kitab al-Qaniin al-Mas ‘udi, (Canon Masudicus). Chapter 5 in Book X

4. He was a mathematician and astronomer in 12" century Andalusia. For his
description of retrogression cf. ’Isiah al-Majistz, Book VIII, 99 v-106 r

5. Astronomer, geographer, and philosopher lived in the 12™ century. For his
explanation about retrogression cf. Muntaha al-Idrak fi Tagdasim al-Aflak

6. He was a 13™ century Persian astronomer and mathematician. For his description
on retrogression cf. Nihayat al-ldrak fi Dirayat al-Aflak, fol. 49r-51v. See Also
Gamini, pp. 149-157
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position. Also, he has applied nested circles along with deferent; thus,
he could give the speed quantity in desired positions (see figures 14 &
17 & 18). It seems that he has no intention of any Physical
justification of extra circles; however, ‘Urdi (Kitab al-hay’a, 197) has
implied that for the fulfillment of the period of rotation in the zodiac,
epicyclehneedsgan epicycleth(mudir), hetdidrnot mentionaanyesimilarf
idea nor mathematical explanations there.

In this paper, | have assumed that this text was presented by ‘Urdi,
as | have noticed two treatises in Bodleian Library in collections
Marsh 720 and Thurston 3 by an anonymous author have partly the
same content. Besides, some parts of Marsh 720 and Thurston 3 have
been repeated in the appendix of one manuscript in Holy Shrine
library (Mashhad, Iran) no. 5452 under the name of ‘Urdi
Furthermore, parts of these three treatises are related to Mugaddimah
fi Islah Burhan al-shakl al-Rabi® min Tasi‘'a min al-Majisti
(Introduction on Explanation of the Demonstration of the Fourth
Proposition of Ninth Book of Almagest, see Appendix Il). Moreover,
we have evidences for ‘Urdi’s teaching (Ibn abi Usayba‘a, 768).
Likely his pupils took notes on his lectures (Saliba, 1990, 32); so,
some differences among the notes cannot be unexpected.

Mu’ayyad al[Din al(Urd.

\

Mugqaddimah fi "Islah Burhan al-Shakl al-Rabi * min Tasi ‘at al-
Majisti

A

\ 4

Holy Shrine library (Mashhad, Iran) no. 5452

Mas’alat fi’l- rujii “ wa’l-istigamat 1
-

Marsh 720 and Thurston 3

Figure 7
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Mas’ala fi al-Rujii ‘ wa al-1stigama

Mas’ala fi al-Rujii * wa al-I1stigama (prograde and retrograde motion)
keeps in Nuruosmaniye library with shelfmark 2971/18.! As I know,
its treatises are written by Muhiyy al-Din Magribi or Mu’ayyad al[Din
al('Urdi. Along with this manuscript (96a-100a) in this manuscript,
there are also copies of three works of ‘Urdt: Risala i al-kayfiyya al-
‘Arsad (Treatise on the quality of Observations) (74b-93a),
Mugaddima fr ‘Islah Burhan al-shakl al-Rabi‘ min Tasi‘a min al-
Majisti (Introduction on Explanation of the Demonstration of the
Fourth Proposition of Ninth Book of Almagest) (93b-94a), and F7
Istikhraj ma bayn Markazay al-Shams wa Mawadi "Awjuha (The
Determination of the Solar Eccentricity and Apogee) (94a—95b) (see
Appendix I1).

The critical edition of the present manuscript is done according to
the Book XII of the Almagest. | have edited the manuscript without
changing its style but did minor alterations, such as writing Hamza on
the seat depending on the vowels (for example: k).

First Part: Two lemmas

Mas’ala fi al-Rujii * wa al-lstigama begins with a brief introduction as
follows: “our Imam, master of scholars, engineers, and researchers has
dictated a case on the prograde and retrograde motions” then
continued by two lemmas, the first one is Apollonius’ lemma:

First lemma: in a scalene triangle, by cutting the same length of the
shorter side on the largest one, the following relation can be
expressed:

LABG
LBGA

AABG: |BG| = |AB| ,|AG| - % -

Drawing a line through point G, as GZ || AD then extending AB and
GZ to intersecting one another, we draw another parallel line AE || BG
and a circle centered at A, with the radius AG through E, cutting off
AZ at H:

AE = AG -~ £AEZ is an obtuse angle.

1. The author is grateful to Mr. Ali Safari Ag-gale for provision of this manuscript.
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sector AEH = &AEE’} AAZE _ Sector AHE
sector AEG = AAEG

" AAEG ~ sector AEG

AAZE _E EZE _EA _ GD
AAFG  EG'EG AE  ED
ﬁ - sector AGE
BD sector AEH
g}.;za.s:z_aac .I.E}LAEG
EG LEAG LAGE BD £AGE

Figure 8: The relation between the sides and the angles.

Inversion case: If the ratio of the angles is given, cutting off the sides

in the same ratio is possible.

AABG: |BG| = |AB|,|AG]|
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G K D B
Figure 9: Constructing the angles by the ratio of the sides.
Cutting GD = AG in triangle ABG, we draw the line A0, we

makeZZ = 2225 then we join @ to B, draw@B || AK; therefore K is on
Az LfAGE
the line GD:

AG _ GE __ £ABG
4 KB  £AGE

First lemma links the magnitude of the angle to a segment.

Second lemma: derived from the Elements (I1I, 8): among all lines
drawn to a circle from a point outside it, the one through the center is
the greatest (Heath, 17-21). Ptolemy has applied it to distinguish
points on the circumference (Toomer, 559-562), ‘Urdi also has passed
circles through intersecting points (see the example for case B). ‘Urdi
has paraphrased the proposition as:

For all lines drawn to a circle from a point outside it, the ratio of
the lines to the inside part of them are different, and this ratio
for the one through the center is the greatest.

The circle ABG is centered at D; we draw secants EZDA, EHB,
E®G from the point E outside the circle; so HB and @G are bisected at
K and L, therefore:

EA EG
S
AD GL
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Figure 10: Outside of the circle’s circumference, the line that goes through
the center is the least.

So
D HE ED EK  (ED+AD)=EA (EK+KEB)=EE
o LR = (1)
AD KB "AD KB AD KE
HE alL EK EL (EK+KEB)=EE (EL+GL)=E&
AR LR . (2)
KE GL 'KE GL KE GL
EA _ EG
1), ()= ===
1. AD T GL
And if
EFf EH EH E@
— = — o — = —
ED HKE HE aL
Proof:
EH E@
ZD = HK HK = 8L ,EFH = E@8 .'.E{E

Expressing inverse of the distances:
% - HK HE - E ZD=4D < HKE=EBK < BL=GL
EZ EH 'EH EQ EZ EH EQ

Apparently he missed some lines here:
Ea EH EZ
— = — = —
GL EBEK AD
EB+26L EH +2BK EZ+2AD
= =
=L BE AD
EG EB EA
— = — =

6L BE 4D
Again, he made an inversion of the former ratios:
4D _BK BK CL  GL BK 4D
EA EE "EE EG EG EB EA
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It shows a relation between chords and secants; later, the scales of the
lines convey the magnitude of the angular velocity of the planets and
the epicycles.

Second part: description of the phenomenon

Here, ‘Urdi has described apparent motion in an epicycle-deferent
model [concentric]. By drawing two tangents toward the epicycle
from the center of the universe, depending on the planet’s position one
of the following three cases can happen:

1- The planet goes upon the epicycle on the lower arc appears
slow-motion S = W ey of the spicycle mp!mzar and
mp!mzar = mcanraro;’rha epicycle aﬁer paSSing through the
perigee the planet goes faster.

2- The planet goes upon the epicycle on the upper arc appears
faSt'mOtlon because w = mcanrar of the epicycle + mp:mzar'

3- Or it is on the tangent points, it goes forward with the mean
motion, @ = w0 .

While moving clockwise upon the epicycle, number 1 and 2 exchange.

When the planet undergoes backward, its movement slows down; it
pauses, goes to the rear, stops again then proceeds. In other words, at
any location after passing through the common point of the epicycle
and its tangent in the left, however, the planet moves back but it is not
seen retrograding because as 10Ng as @yianer =< @eenter of the epicyele
the center of the epicycle takes it forward [counterclockwise], when
@Wpianer = @eenter of the epicycte It Stands still, here is the first
stationary point. AS SO0N @S @Wyyaner = @oanter of the spicyeistNE planet
is seen retrograding; up to the second stationary point, the
circumstances are the same. After that, the planet’s speed is less than
the speed of the center of the epicycle; the planet resumes its
progression. It is worth noting that retrogression does not influence
the planet’s period upon the epicycle (Jaghmini, 141), which means
the planet completes its period of rotation around the epicycle despite
of retrogression.
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T »: Tangents point of the mean distance Apogee

P: Perigee, Middle of the progression
Sy, 2: Stationary points COCZ mmean
Apogee: Middle of the progression
L1: Resident in the retrogression

L,. Resident in the progression

Cent

Deferent

Epicycle

Figure 11: The epicycle’s secants show points’ status on the epicycle.
Adapted from Jahan Danish by Mas ‘udr, 83.

A formula for finding stationary points

In this section, ‘Urdi explains Apollonius’ theorem and its
consequences, as we saw earlier. It says if the ratio of the half chord
formed in the epicycle on the distance between the planet and the
center of the universe be the same as the ratio of the motion of
epicycle on the motion of the planet, and if they move in the opposite
direction:

When the secant goes through the center of the epicycle, thus
planet stops at apogee/ perigee. If not, the planet can stop at two
points.

Imagine a circle of the same diameter as one chord of the epicycle,
called it the second epicycle (Figure 12). Then another circle
concentered at the ecliptic center with the radius at the exact size of
the distance between the center of the universe to the planet; we
named nested circles parallels [however he addressed them parallel, in
the second example, they are tangent internally, or cross one another].
So if the ratio of the radii, second epicycle, and parallel is the same as
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the ratio of motions, speed of deferent and the epicycle, the planet
stands still, or

rond oo P
2™ epicycle  _ “eenter of the epicyeis

Tparallel circie “Wolanet

In the other words, if the ratio of the planet’s movement by the
epicycle motion into its travel upon one of the epicycles is the same as
the ratio of the half segment of the line inside the epicycle into the
distance between the planet to the center of the universe:

;‘W __ Yeenter of the epicycle

T Wrlanet

There is another expression for finding the planet’s situation by
angles shown in the above figure as ¥ and ®, while angle ¥ is
showing the center of the epicycle movement, angle ® represent the
epicycle motion. Two angles estimate by lemmas as mentioned
earlier, here is their correlation with speeds of the epicycle and its
center

Weenter of the epicycls rold . ASTK _ L5TK W

©pianet sT 7 2:8VE  sKES &

Stationary point of the PI

Figure 12. “Parallel” and second epicycle are shown in this picture

With an arc in common, an inscribed angle is a half measure of its
central angle. For every point that satisfies the former inequality, we
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can say the planet travels in advance. So any point before VST (at the
left side) holds the above relationship. At the stations, it transforms
into equality; however, for any points between them, the orientation of
the inequality changes (Toomer, 561).

T

Figure 13. Magnitudes of the Angles express movements of the plant and the
epicycle

Explanation of Retrogression according to him [Ptolemy]

A. Retrogression in upper arc of epicycle occurs only if
@Wpraner = @mean- Displacing by the center of the epicycle speed, path
of the planet makes a circle of radius of distance from the centre of the
universe to it, which is greater than deferent. In other words, the angle
swept in direct motion is more than the angle covered backward. But
for happening retrogression, we need the sector of epicycle to become
more than the corresponding sector of deferent at the same time, or

aing 3 . .
piE =5 (Toomer, 561). Therefore retrogression will

Weenter of the epicycle

occur if the planet is quicker than the deferent.
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B. Retrogression in the lower arc of the epicycle depends on the
planet’s motion [It will be explained later].

An example for the case A

Drawing a circle centered at D, an epicycle centered at B, we then
draw the parallel circle EF and the ecliptic /0, so extend DB to E and
F [in two directions]:

DE (Radius of the parallel) _ Walanet

then planet stops at

EE (Chordof the epicycle) Weenter of the epicycle
the apogee (no retrogression).

And if DE {Jﬁ‘ndius of the p:z.:l'n!!s!) < “rlanet

EB (Chordof the epicycle) &eenter of the epicycle

two points, retrograde arc is between them. [In this case the ratio
wnlar DH

reverses]. We assume panet equal to —, then draw DH to

then it stops at

Weenter of the epicycle

make the acute angle BDH, draw KB || HM, line BE goes through M,
M is at the middle of BE. We also draw the circle DZM cutting the
epicycle at Z [in order to projection], join D and Z; it is a secant of
epicycle at L and Z, extend it to ®. We connect Z to B and M, draw
EN 1 EZL,

So when 2242 22 _ DM (Zwpianet)

- = —— the planet stands still
aADBZ ZN ME (Sweenter of the epicycie }

because of the equality of quadruple values; motion of the planet,
motion of the center of the epicycle, and correspondent angles made in

the second epicycle and parallel, as we can see
Ynlanet ~ £MEBZ _ DE

Weenter of the epicycle £MDE ZN

There are two produced arcs, one in forwarding motion and another
one in the backward motion until those two arcs of opposite motions
are the same the planet is on the line DZ®, despite their motions [the
planet and the epicycle], it seems they are motionless, even when they
have a slight difference in speed, they are considered equal.
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Figure 14. The planet stops at Z in upper arc.

Second case: retrogression in the lower arc of an epicycle
Here, he uses a radius of the second epicycle instead of half the chord
inside the original epicycle.

1- mp!mzar = W eoenter ef the epicycle) ﬂ":lm':lz = radiUS Of the para”el
= distance from the observer to the perigee of the epicycle.
i If Tepicycle — Yeenter of the epicycle the planet StOpS at

[‘f‘m[n]zﬂpurniiei “Wolanet
the perigee of the epicycle, but there is no retrogression.
ii. If "E'p_ic'}'cie - Weenter of the epicycle there are two
[":‘m[n]_anrniiei SWolanet
stationary points, retrogression happens between them. We
will explain it later.
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R
= —

r , R= radius of

2- mp!mzar = Weenrer of the epicycle
deferent.

epicycle

(N | =:£ for equality of the two radii, the planet

stops at perigee, since the parallel circle goes further than
the epicycle, prograde arc becomes more than retrograde
arc; therefore, the planet goes direct [& = ¥].

i If rgpic}.ﬂa}§ there are two stationary points, and

retrogression happens between them. We will explain it.

R
w2
rspic}'c!a a0

3- Wyigner = @ R= radius of

center o f the epicycle)

deferent.

i If Tepicycle _ Weenter of the epicyele the planet StOpS at the

Amin SWolanet

perigee, but there is no retrogression.

Temicvel oenter 12 emicyel .
|f —Eicrele .. “centerof the epicele there gre two Stationary
Amin SWolanet

points. So, retrogression happens between them. We are
going to present an example of this one.

Examples for finding stationary points, prograde and retrograde
motion in the case B

3-ii

Let in the epicycle centered at E, AEGZ be the diameter through the
center of the universe, Z. Then we draw the diameter to F [in fact F is
between Z and E].

Tepicyele (=EG) +_ “eenter of the epicycle

The condition for retrogression is

P - ’
Amin (=GZ) Wanlanet

A, = distance from the observer to the perigee of epicycle. Let

% _ Weenter of the ep[c}'cie, S0°

GZ Wolanet
EG EG (EG+GZ)=EF (EG+GF)=EF
— = — = (1)
GE GF GE GF
EF  Ez . \EF-GF)=EC  _ (EZ+ZK)=EK

— = — wn -~
GF ZK GF ZK
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% . Wesnter of the spicycle (2)

GF Wolanet

Alternatively, (1) shows a smaller deferent; thus (2) is the new ratio
for stationary point. It is showed in the following figure.

E: center of the epicycle

Z: center of the universe

F: centre of the smaller deferent

Figure 15. When speed of the planet is less than the speed of the center of
the epicycle, deferent should be smaller.

Examples for items 1, 2

Let L be at the middle of the ZK, draw a circle centered at L of radius
LZ, it cuts the epicycle on ® and H, @ and H are the stationary points,
OGH is the retrograde arc, and HA® is the prograde arc. [In the
following picture circle through Z is not deferent but a parallel and K
is the correspondent point mentioned earlier].

The lines ZOD and ZHI are secants of the epicycle. We draw KO,
KH, then bisect chords @D and HI at the M, then we connect EMs:

LZME = £Z0K M,® _ EK
LZHK= LEMnE}" EM, I K© ,EM, | KH , 075~ =
Mlﬁ} — W oentar of the epicycle — LGZO — ﬁ
8z £ LGEB  GZ

planet

. . fw - P L T- QP
For the equality of both ratios, —SEnter afthe epicyele — SRS - the

Wolanet R;:u."uiiﬁ

planet stands still at ® and H; therefore, it goes indirectly along ©H.
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Figure 16. The epicycle and a parallel.
Type of positions for arbitrary points

ZNo: tangent
On the arc ®No let ZNo be tangent line to the epicycle, since at
intersection point @,;apee = @Wpean. Before and after the contact

point, the planet goes direct; so, it is clear before stopping, it slows
down.

ZN;j: secant
o If ZN; cut off the epicycle, we extend it to Oy, then bisect N; O

at 21, and connect E to Ni. According to lemmas:

RIS

M, B — Yeenter of the epicycle __ LEIN, (2)

Bz Splanet .LG.E;".'-_



(w eyeie wr), y (@ - )
center of the epicycle N, F at N, center of the epicycle BZ
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and £GEN, = £GZN,. Since the angle covered in forward
movement (GZN,) is more than the one in backward motion
(GEN,), the planet moves forward.

e The planet is on the retrograde arc OH.

Lengthening the N, Z to O, on the epicycle, we bisect it at the £,
then link E to N, so:

E Ny w M, H[=M, 8] — Yeenter of the epicycle _ LGZ N,
N, Z HZ [=8Z] “planet £GEN,

Z

Since the planet goes backward through GEN, at the same space
of time the center of the epicycle moves in advance through
GZN,, and GEN, is more than GZN,, so the planet travels
backward.

e Another version; let N1 be on the arc ®D. According to lemmas:
ElNl(: rfnn—apic}'c!a] "'I"QTJ_'3 i
= =

N,F(=r

center o f the epicycle

ez v

pm'nl!a!) planet

E,N, = radius of the second epicycle, N,F = radius of the
parallel through F, since

at 8

in order to equality of the motions at @ and also M,© > Z,N, we
have:

e
[mcaurar of the epicycle Ez)ﬁrﬂ d (_mp!mzar)ﬁra 2> [mp!mzar)ﬂrﬁ_

therefore the planet goes forward on the arc @D, so is for every
point on @D, but N, is on the arc ®GH, the planet goes
backward.
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Figure 17: The planet proceeds direct motion on the arc @M.

In which arc the planet goes indirect?

Let E,N, be a radius of the second epicycle, and N.Z be a radius of
the parallel circle at N,. So, N,Z = radius of the parallel through N,,
M B= radious of the epicycle through e:
£,N, = M,H [= M,0],N,Z < ZH [= Z8@].

o= [mca:ztm' of the epicycle Bz)nrﬁ

[mcaurar of the epicycle Nﬂz)ﬂr‘hn

at Stationary pOintS Weenter o f the epicycle = wp:mzar-

Also in N;: [wp!m:at)ﬁh-.;: = [:mpm’”r)nr Eland

= (o - )
: center o f the epicycle BZ at @

[mcaurar of the epicycle N-_z)m_h-

1 o
It means mp!mzar = W eenrer ef the epicycle

therefore, the planet appears retrograde along the arc @H.
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z

Figure 18. The planet goes reverse on the arc N, &
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Figure 19. First Page of MS Nuruosmaniye 2971/18.

Figure 20. Last Page of MS Nuruosmaniye 2971/18.
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Appendix 11
A glance at the life and works of ‘Urdr’s Biography

Mu’ayyad alDin al(fUrdi alDimashqi 11" astronomer, engineer,
instrument design- maker was one of the invited scientists to Maragha
for founding the new observatory. Before arrival to Maragha he had
been teaching at Damascus. Abu al-Faraj al-Quff (1233-1286)
physician and geometer, had been one of ‘Urdi pupils, learning
Euclid’s Element. After preliminary study in medicine, he went
Damascus with his father, who had transferred to Damascus (Ibn Abi
Usaybi‘a, 768). However, we know nothing about [Urdi’s other
students there is a commendations of his teaching at the beginning of a
copy of Fi Istikhraj ma bayn markazi al-Shams wa Mawzi © "Awjiha. It
says he is master of the engineers and lord of the teachers « Xl

m.]l;d\ <L 5 sy < eekigedl” (Nuruosmaniye, fol. 94r); and also there

is another one in a copy of Risala i al-Kayfiyyat al- Arsad (Library of
Parliament 4345, fol. 1v) “edladl Jal stul oniigally LSl S,

‘Urdi was an experienced instruments maker, fabricating some
devices at Damascus or probably Hims before starting his work in
Maragha observatory. As it has expressed in Risala fr al-Kayfiyyat al-
‘Arsad (fol. 23 v) he in 650/ 1252, presented an instrument to
physician al-Lubtadi who was vizier of the governor of Hims, Mansir
(see table 1). Nevertheless, there is an ambiguity here. Najm al-Din al-
Lubudi was at the service of Manstr Nasir al-Din Ibrahhim and
accompanied him everywhere, after his death (1245) al-Lubtdi went
to Egypt, for serving Salih Najm al-Din Ayyub then get appointed to
the Alexandria bureau until the death of Salih Najm al-Din Ayyub
(Ibn Abi Usaybi‘a, 662). Then al-Lubidi went for Levant bureau
(Ibid, 663). Saliba has implied if Mansiir was a title for the ruler, in
1252 the ruler of Hims was Ashraf Muzzaffar al-Din Misa while al-
Lubtudi was in Egypt so, he has concluded that it was a misprint
(2001- 29). However, according to Ibn Abi Usaybi'a at this time al-
Lubtudi was in the Levant. Broadly speaking, Levant could use for
Damascus (Al-Qalgashandi, vol. 7, 201), moreover at 1252 ‘Urdi and
al-Lubtdi were in Damascus thus it would be another alternative,
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‘Urdt presented to al-Lubiidt in 1252, the instrument had made earlier
and revealing this event was likely for quoting his praise of ‘Urdt’s
work.

Table 1

Ayvubids 1169-1250
Zambauer (150- 155); Lane-Poole (74-80)

Eggypt Damascus Hims

— '

Nasir al-Din Muhammad b. Shirkah
Kamil (I) Nasir al-Din Muhammad* Kamil () Nasir -Din Myhammad® 574- 581 AH (1178-1183)
§15-635 AR, (1218-1238) §15- 635 AH. (1218- 1238) I
I I
Mgjahid Salih al-Din Shirkih
"Adfl (IT) Sayf al-Din Abii- Bake* 'add (1) Savf al-Din Abd- Bakr* 581- 637 Ah. (1185- 1239)
635- 637 A H. (1238- 1240) 635- 637 A H. (1238- 1240) I
1 I
Mansar Nasir al-Din Ibrahhim
Salih Najm al-Din Ayyab™ salih Najm al-Din Ayyib* 637- 644 A H. (1239-1245)
637- 647 A.H. (1240- 1249) 637 A.H. (1240)
Wittazzam Tocan Shah salih 'lsma'l Ashraf Muzzaffar al-Din Misa
- 64 240- 1245 644- 661 A H. (1245- 1262
647 648 AHL (1240 1250) 637- 643 AH. (1240- 1245) (- 1260
I
IJ
5alih Najm al-Din Ayyib*
Ashraf Masa (IT) 643- 647 AH. [1245- 1249)
648- 650 AH. (1230-1252) T

Mu'azzam Tiiran Shah*

647- 648 A HL (1240- 1250)
p

Nasir §alih al-Din Yosuf

648- 658 A H. (1250- 1260)
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Works
]__

Saliba

F1 Istikhraj ma bayn Markazi al-Shams wa Mawzi © "Awjiha
(The Determination of the Solar Eccentricity and Apogee)
translated and critically edited by Saliba (1985).

Mugaddimah fi ’Islah Burhan al-Shakl al-Rabi “ min Tasi ‘a al-
Majistt (Introduction on Explanation of the Demonstration of
the Fourth Proposition of Ninth Book of Almagest) is a short
treatise about Ptolemy’s demonstration on Symmetries in
Mercury’s model (447- 448)".

Risalat al- ‘Amal fi al-Kurat al-Kamilah (Treatise on the Use
of the Armillary Sphere), mentioned by ‘Urdi in his Kitab al-
Hay ah (274) and Risala fi al-Kayfiyyat al-'Arsad (Library of
Parliament 4345, fol. 2 r). Not a copy of it is known yet.

Kitab al-Hay’ah (Book on Astronomy) edited by Saliba
(1990). ‘Urdi in this book has presented his version of
geocentric models.

Risala fi’l-kayfiyyat al-'Arsad (Treatise on the quality of
Observations) about astronomical instruments made by ‘Urdi,
particularly at Maragha observatory. Some parts of it were
translated into German by Hugo Seeman (1928). A complete
translation into English was made by Tekeli (1970).

(1990, 30) attributed a commentary on Kharaqi’s al-Tabsira

under the name of Mulkaq ‘ala al-Tabsira to ‘Urdi. However, there
are two treatises in the manuscript no 955 of Escorial Arabic
manuscripts catalog: the first one al-Tabsira by Kharaqi and the other
one Ta'lig ‘ala al-Tabsira by an anonymous author (Derenbourg &
Renaud, 91-2). Since the name of ‘Urdi is mentioned in the latter

treatise

(fol. 112 r), Saliba attributed it to ‘Urd1r’. Although at the last

page of the first treatise (fol. 109 r), al-Tabsira, there is a colophon
and some supplementary sentences by the copyist saying he Aba Nasr

ibn Abi al-Surtr al- Mutatabbib, has written the scholium as well < 4l
wo alll lie Cubanadl gl ol o e ol i,

\ A critical edition will be published.
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Table 2
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