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Objective: The current research was conducted with the aim of studying the 

scaffolding strategy and providing a new approach for teaching random variables 

in probability courses of science and engineering students. 

Methods: In this article, firstly, some issues are raised about active learning and 

factors such as group work, corrective feedback, and the use of computers that 

help students learn courses related to statistics and probability. Then the 

demonstration programs that can replace the classical educational methods were 

introduced.  
Results: In the following, some common misconceptions of students about 

events, random variables and continuous random variables will be mentioned and 

these concepts will be analyzed by citing a number of examples. In the last part, 

the concept of scaffolding and its application in random variable education and a 

teaching approach in statistics and probability courses are described. 

Conclusion: According to the items stated in the article, it is suggested to teach 

the basic topics of random variables, instead of teaching discrete and continuous 

random variables separately, random variables should be taught in general. 
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 E�
 O��7 ����C��
� 0
 =��-#. '� ,	
 ��� ��S =��-�+
 *k. K� �� 
� �;��</ =�7�->��f-��/�7  .��� �$7
�k� 
��. 
 E� =�
�;
 ���@�
�� '34�5� 
� *k. E�
 '� ��$$�zr�D�8
 zH��� �� R-�) ���� 
��0 �����1995�� ��� '. Z��J�� ��-#. ?�� �� '. 
� LH5I
 E�
 ( E-4�
 .��.

�� ���� ���� '� �7�»����9« d��3/ E�
 '� ,	
 �;��</ �->�� K� ��. '@�/ '.  �;��</ �->�� d��3/���� ��J�	
 ) ����1995 :,	
 �F5$� (
» ... -�� �� �
�F� '� =�->�� K� =��� 'C�:.,	
 �;��</ �� « )���-� 1998 .( o�B/�
 0
 ���. '� ,	
 =���� '��� E�
 ��S=�7�
�F�  =���

 0
 ��� .��� h�$�@
 �;��</ �->�� �.U-4��7  '� ,	
 E�
'.��Y  �. �!�T� =
�. .��
�� ,F.�5� �;��</ �->�� d��3/ �. =��� �
�F� K� f�
�
) ���� d��3/ 0
 ��J�	
1995�
���+ K� =���
 �
�3/ �$��� =��� �
�F� K� �(� �� K� =��� 'C-�:,#-� �;��</ ��'��. � �� K� 'C-�: ��

 h�k��
 �;��</ '��D� �� �� �� K��
���+ .,	
 |�+  �
�4 =���
 �
�3/�� �
���+�  '� ,	
 =��� �
�F� K� zH��� 0
  �;��</ h�k��

�
���+ .,	
 UF�#� h�k��
 '� =
,4�8 0
 Z��J�� n���� E�
 .,	
 ���7��� �
�3/ =
�
� O-� ��� '� ,	
 =���� =�7�7�
�F� '.��Y  f�
�

 h�k��
 '.�
� ��
�� o�B/�
 =
�. ��� U-4� .,	
 '�#.
� '3��@ 0
 ���7�<$� �;��</ '� ,	
 E�
 �;��</ �->�� �. �7� '. ��BC� ��0 �� ��
�� d��3/ E�
 0
 E���0�.. .���� M���/ �<W ��
 �!�T� =
�»��-	���10« ��9�� =�� ��I
 O��D/ ��-��. '��
� 
� =���� =�7» �������. 

Z�3.�� UW
�811«  �I�+ P�
�� ,V/ '� ,	
»i��
��12«  �P�
�� E�
 0
 ��� .,	
»=���� !HF�	
13«  � �5+ E-.»�V-��/ =�7�->�� 
(UF�#�)14« 
� ���
� ��@� !HF�	
 E�
 ����0 'j .,	
R� '�;�� �G� �� ,.�� �V-��/ =�7�->�� '� ,	
 ����0 !�T� E��/ ��D7 E�
 � ���

                                                           
1. probability axioms 
2. non-Borel 
3. Luzin 
4. Lebesgue measurable 
5. Vitali 
6. non-measurable 
7. Solovay 
8. Moore 
9. statistic 
10. regression 
11. least square estimator 
12. unbiased 
13. statistical independence 
14. explanatory (independent) vaiable 



9 ��� ���	� 
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������� �	
��
��� � �����	�
 ��	��� ��� �41 ����� �45 .  �73-96.  

h��� �� '� ,	
 �5�
���� ��; ���-	��� !�� �;�3� ���$7 ��
����	
 �	�� =�7 =��� �
�F� K� ����� .���'. �
�$�  �;��</ �->�� K�
D� X��. �X8�B� ���	 �� ,.�� �->�� K� � ��
�� 0
 �+�. ���� ����C��
� ��� 
� E�
�.�$. .���=�7�
�F�  ���. =���'. �
�$�  �->�� K�

g��W U-4� '�$�
 ��� ����� '�;�� �G� �� ,.���$$����. '��
� ��@� ,4�8 E�
 �� =
�. =
 '��D� �
�$� '. . �
�F�»'�#.
� �->��1«  ��-	��� ��
 i#8 �. 
��0 �,	
 �;��</ �->�� K�»�;��</ =�5+2« ) ,	
 �� d��3/���-� 1998.(  

�->�� '��: ��1J� K� �;��</ =��</ �� ���� �� ����C��
� 0
 �+�. E�
�.�$. �,#-� q�� U.�W z�D-F�#� '� ,	
 !�D�8
 '��G� �� =

 K� .���
� ,	�������. �->�� '� ,	
 E�
 R�
� P�Q  �;��</
  .,	
 '��D� =��; =�� �F-F8 =�7�
�F� �. g.�/ �7 '.2
� �� �'��D� �
�$�3 

)2018 d��3/ E�
 � ,	
 �� d��3/ Z��I E�
 '. �B��
 '. �;��</ �->�� �( f-VI�� .�� �7
�+ �C��
� �� �D1;�. ��C�
 X��. �. ����C��
�
p1� =�-����g�0�/ g.�/ �$3� ��;��</ �->�� '<k�� E��/  

��() = 	(
 ≤ ) 

��'B�Q f-VI�� ��</ E�
 �. �$�
�/  �!�D�8
 g�0�/ g.�/ E��
� ��@� =
�. .�$$����.  ,-D�	(
 ≤ ) �F-F8 �
�F� �7 =
�.   .��� d��3/
 E�
�.�$. 
  �7 =
�. ��
 �1$/ � ��
 ,	
 �B�3� �;��</�->�� K� ∈ �0
��
 � !�D�8
 

	(
 ≤ ) 

���. �� d��3/E�
�.�$. � �
 ≤ �  z���O4 ���. ����-: K����.�G� 0
 .  K� �����>��-� ;��</ !�D�8
 =��; =�� �(Ω. �. P)  �
�$� '.
 g.�/ K�
: Ω → �  �7 =
�. '� ,	
 �� d��3/ ��9�� E�
 �. ∈ � ��
 ≤ � ∈ �  K� '� 
��0 �,	
 =���� o����D7��Y 

'��DC� ��@� ��� ���
 zHBW '�0
��
�� =�7�� '�;���: Z�-���� �� ���: .�$�#7 D1;�. 0
 ������ ��D� '� ,	
 E�
 ����C��
� =�7 �$$�
 �3.�/ ���. �;��</ �->�� K�»K�'.K�4« �»���:5«  �� �»2��3��:��6«  z���O4 '� ,	
 ��S '. �0r .���. =
�
� �;��</ �->�� K� E�


��9���7  .,#-� h�/�: *���0� �� �-$� ��; !�T� �
�$� '. UF�#� '�	 �� p4�	 '��D� =��; �.Ω = �HH. HT. TH. TT� �->�� �
 �;��</
 ���� Z��I E�
 �� .���. �-� �
�3/ �$7��
(��) = 
(��) = 1   �4�  ��� ≠ ��  �$3�
 K� g.�/ K�'. K�

 g.�/ ��. '� E�
 0
 E-$mD7 .,#-�
  �$3� �X(c):  c ϵ �� = �0.1.2� �.�  g.�/ �,#-� �.
�.
  .��. �7
�k� O-� ���:�. ��C�
 U-4� ��
 ,	����2��3�=���: �;��</ �->�� K� 0
��
 o�� ����C��
� '� ,#7 E�
���:=  E�
 �$3� ��;��</ �->�� �7 =
�. '� ∈ �� 


!"(−∞. ] = �& ∈ Ω: 
(&) ≤ � = �
 ≤ � ∈ � 

���� '�,���� �$7� »*-:���</ (���
� ����)7«  '��DC�(−∞. ]  ,V/ g.�/
 '. ���D�-	 �
�-� � 
 �. 
� ,	 o��2��3��: =��
 g.�/
 �� P�+.�$$�  ED� �� �+�.�� R�
� �B��
 K� ��j� g�0�/ g.�/ 'B	�V� �� ����C��
� ���� .���� �. ���. '5F� E�;�� �G� �� ,.��� 

'-8�� �� =�� d��k� =�7�  'B	�V� � ����-: !�D�8
�& ∈ Ω: 
(&) ≤ � �
�F� �	(
 ≤ )   
� 'B	�V�$��$ !�D�8
 �B��
 '. �4� �
�� 
�-: 
� ��
� c�3/ ����� '-8�� '. �;��</ �->�� '� E�
.�$$�  �� '��D� �
�$� '.p4�	 '�	 �� UF�#� h�/�: *���0� �� ���
 r�. �� '��  g.�/

 g�0�/'.Z��I �� 'B	�V� ��0:���  

                                                           
1. dependent variable 
2. random error 
3. Ross 
4. one-to-one (injective) 
5. onto (surjective) 
6. invertible 
7. preimage (inverse image) 



���)�� *�+,�-� .��/$���0���� ���0��� � 1�2 10 

 

������� �	
��
��� � �����	�
 ��	��� ��� �41 ����� �45 .  �73-96.  

�() =
⎩⎪
⎨
⎪⎧ 0                       +,  < 014                              +,0 ≤  < 134                               +, 1 ≤  < 21                          +,  ≥ 2

 

�� �D1;�. E�
 ��j� ����C��
� �+�. '� �/��I �� ,4�8 �� zHT� '� ����1 ≤  < 2 ��$3� '-8�� E�
 !�D�8
 ���. 

	(1 ≤ 
 < 2) = 	(
 = 1) = 12 

.��� 'B	�V� 
� ���� ?O>4 E�
���� q�� 
� g�0�/ g.�/ ���. �3DC/ ��1J� ����C��
� '� ,	
 E�
 �$7� ���. 2��� ��G$� E�
 =
�. .��

����.  0�. �� ,.�� ��� K� '�)2,1[  UT� �� �G� ���� ��8) p��-�  �
�F� z�F-W� ��
�/ p��
� ��$�
 .(�$� }k�� 
�  

	(
 ≤ ) = 	(�& ∈ Ω: 
(&) ≤ �) = 	(
 = 0) + 	(
 = 1) = 14 + 12 = 34 

'. O-� '�	�-: �;��</ =�7�->�� =
�.�� '.��� ��Y .��� 'A
�
 ����C��
� p1; =
�. 
� ?�� E�
 �
�/  

���&�- (����C ��D��  

 ���-.=�7��</ �. '�	�-: �;��</ =�7�->�� '. �!�D�8
 �� ����C��
� �+�. P�Q ���� '. ,B#� �� q�� '� ���� '�##� �;��</ =�7�->
,k	 0
 ��� .,	
 �/���.=�7  '��DC� K� �. =�->�� �
�$� '. '�	�-: �;��</ �->�� '� ,	
 E�
 P�Q»
��D���1«  0
�7�
�F�  gW
� �� �,	

 �+�.,W��7 �� ��G��
'�I�; 0
 ���D�@
 �� '�I�; K� '��DC� E�
 ��� '. �C$� ��
 E�
 .���. �7��</ 5�Q�� �'� ���  ��;��</ �->�� �7

��� '. ,	
 E�D� ,	���� ��</ E�
 .,	
 '�	�-: �� '�##��
� �� �� '� ���� ��0��� =�7 n�� �� '. 
� =��� =�7»'�##�2«  �»'�	�-:3« 
'�	��$.�� =E�
 �. 'B�Q =
�. .��� o�.�� �$$� �D1;�.=�7 �� �f-VI��:p-$� 'A
�
 
� ��0 ��
����	
 d��3/ p-�
�/  

CU/�L 1 .>��-� ;��</� 
   g�0�/ g.�/ �
��. ��
 �,	
 '�	�-:F 0
��
 g.�/ K� 2�	
 �. 
� UT� �J$��� ���:,  
� �� '�» �4��j g.�/
!�D�8
4« 
 �� ��$���'.Z��I  

�() = 3 ,(4)546
!7  

��;) ��� ��-.5 �1971.(  

                                                           
1. uncountable 
2. discrete 
3. continuous 
4. probability density function 
5. Feller 
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������� �	
��
��� � �����	�
 ��	��� ��� �41 ����� �45 .  �73-96.  

 K� 0
 ��	 !�T�»'�k-�� �;��</ �->��1« ���5� ��
�/.�0�	 6�J� 
� i  �� �;��</ =�7�->�� 0
 n�� E�
 '� ,	
 ��S '. �0r '+��'D-. 
) ���
� �
�
�; ��.���E	�D	�2 E#$J�	
 �3 �2020 4�� �-�	�$�4� 2021 � �-!�1���5 � ��C6� 2022.(  

W�X� 1) .D���� ����C.(��[��P ( :���-�. �G� �� 
� ��0 g.�/  

�() =
⎩⎪
⎨
⎪⎧ 0                      +,  < −113 + 3                      +, − 1 ≤  < 012 + 3                           +, 0 ≤  < 11                          +,  > 1

 

L��� '. '�  '�/,.�� =
7 ��7���� �4� �,#-� '�	�-: �8'�	�-: ,	
� 0
 �9  �� �� �8 �−∞  �+∞  �.
�. i-/�/ '.0  �1 ,	
   U��)1 .(  

 

;�0 1 .=��� ����= ���� ������ ��.�>  ��?� ��1  

 E�
�.�$.�  �;��</ �->�� g�0�/ g.�/X �C$�
 �� .,	
  »!�D�8
 ��@ g.�/10«  �;��</ �->�� '�##� ,D#WX  '.Z��I �� 'B	�V� ��0:���  

	(
 = 0) = 12 − 13 = 16. 
	(
 = 1) = 1 − 56 = 16. 

 '� p-$� ��; ��

 �4��j g.�/ =
�
� !�D�8
 f(x)  �7 =
�. M: �,	
 �-G� �F-F8 ���    o�F� O@ '.1- �0  �1p��
� � 

                                                           
1. mixed random variable 
2. Asmussen 
3. Steffensen 
4. Malinovskii 
10. Mildenhall 
11. major 
7. piecewise constant 
8. nondecreasing 
9. right continuous 
10. probability mass function 
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������� �	
��
��� � �����	�
 ��	��� ��� �41 ����� �45 .  �73-96.  

,() = �´() = 13 

E�
�.�$.  

�(0) = 3 ,()5 = 3 13 5 = 13>
!"

>
!7  

 �g�0�/ g.�/ =
�. �� �
� '5.�� cBY 
��0 �,	
 �W�$/ K� '�  p��
��(0) = "? '��DC� 'j ��
 E�
�.�$. .=�7�
�F�  �;��</ �->��
  ��
 '�I�;)1,0 (  ��
 �,	
 
��D���
  �->�� E�
 �gW
� �� .,	
 '�k-�� �->�� K� 0
 !�T� K� �;��</ �->�� E�
 .,#-� '�	�-: �;��</ �->�� K�

'5F� �� �;��</ =�70  �1 !�D�8
 ��@ g.�/ �. '�##�  

	(
 = 0) = 	(
 = 1) = 16 

'�I�; =�� �) =�70,1- � ()1,0 (   !�D�8
 �4��j g.�/ �. '�	�-:,() = "@ .,	
  

 0
 ���� �����</=�7  '� ,	
 E�
 ����C��
� R�
� P�Q�� ��</ �$$� K� g�0�/ g.�/ ���. '�	�-: �;��</ �->�� K� ����� ����� 0

 g.�/'�	�-:  ���	�-: o�� .���.g.�/ / �7 .,#-� �;�� ��
 �,	
 �0r �g�0�»E-�/ �;��</ �->��1« ����
�/  ��J�	
 �F� !�T� K� �
�$� '.

 ����0
 �C����'� �@ 'D7 z�B��F/ � ,	
 '�	�-: =�->�� E-$j g�0�/ g.�/2 c���3   �.
�. ��0 ,	
&  �4��j g.�/ K� =
�
� E-�/ �;��</ �->�� 
�4
 '�
�
 �� .,	
 '�	�-: � ,#-��� 'A
�
 E-�/ �->�� K� 0
 6��3� !�T� K�'��: *�
� '. �1$/ �!�T� E�
 q�� =
�. ����C��
� '� ��� 0
 =


.���
� 0�-� ��.�#8  

W�X� 2(\�#C (����C ��D��) .  g�0�/ g.�/�  �
�$� '. 
�»������ g.�/4 :�B4 g.�/5 �� ������� g.�/-��4���6  ��� ����:-��57« d��3/ 
 =
�. .�-$��7 ∈ [0.1]  �(". ?. @. … )  '�D@ �
�$� '. 
��F-F8 ��� 0
 =
  

 = "3 + ?3? + @3@ + ⋯ 

 =�$B� ��3  ,-D� .���-�. �G� ��D = min �H: I = 1� s-7 ��
 E-$mD7 &�-$� d��3/ 
�H   o�� �. =
I = 1  ����. '��
�� ��@�
�� d��3/ �� �-$�D = ∞'5.�� �. g.�/ .   

�() = J K+LM(I)2I
N

IO"  

�� �� '� �-$� d��3/ 
�  

K+LM(P) = Q1     +, P > 00     +, P = 0 

                                                           
1. singular random variable 
2. almost everywhere (a. e.) 
3. derivative 
4. Cantor function 
5. Lebesgue function 
6. Cantor-Vitali function 
7. devil's staircase 
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������� �	
��
��� � �����	�
 ��	��� ��� �41 ����� �45 .  �73-96.  

 .,	
 ������ g.�/ 0
 ��-�V/ d��3/ K� E�
'.��Y �� �	�$7 .��� d-I�/ U�S L�� '. 
� �� �
�/0�.) 1,0�#� ,D#W '	 '. ( p-#F/ =�

��� ��� g.�/ �  ���-� ,D#W =��'.Z��I �() = "?   =
�. ∈ ["@ . ?@]  �� d��3/'�I�; �� �7 �MN	 .���  ,D#W '	 '. ���D-W�.

�� p-#F/ =��#�� ��� g.�/ � ,D#W�� P	�/ ���-� =�7�() = "?R =
�.  ∈ ["S . ?S]  ��() = @?R  =
�. ∈ [TS . US]  d��3/
���� �
��/ 'B/�� �7�$���� �
�3/ '. �$�
�; E�
 .�������� ������� g.�/ ���� d���3/ =
�.) ���1 )1988 =
�. E-$mD7 .(�-$-B. 
� ( < 0  � �() = 0  =
�. � > 1� �() = 1  .�-$� d��3/ 
�'.L��� �(0) < �(1) g.�/ �� �F/ �� c��� � ��7���� �'�	�-: 'D7 z�B�

 �� E�
 0
 .,	
 �JI �.
�. �@� E-�/ �;��</ �->�� K� g�0�/ g.�/ � E-�/ g.�/ K�V �4O�$-�-.) ,	
2 �1995.( �W'- �� 'A
�
 '�
�
 �� '� =

 �,	
�� KD� ����C��
� '.�
� ���� '@��� �/ �$�.�$�#-� �;��</ �->�� n�� �1$/ �'�	�-: � '�##� =�7 

 ��]1  ��])>C^(_R� �/ �;��</ �->�� �7 �� ��
�/'.Z��I  t��; '. �<V$�  


 = W"
X + W?
Y + W@
Z 

 '� ��� �
� *��D�W" + W? + W@ = 1  �+ = 1.2.3  �W[ ≥ 0  �;��</ =�7�->�� .
X �
Y  � 
�   
Z  '�	�-: �'�##� i-/�/ '.
�� E-�/ �) �$��� ���;1971 .(  

-��*����)�/.�C �  

�� '�+
��: �;��</ �->�� ?0��� �� �� ��.��� � ,#.�
� ��1J� �;�3� '. 
��.
 *k. E�
 �� MN	 .���g��@ ������ K�  �. �-��/ �. M���/
�� ��1$�-: �;��</ =�7�->�� '-�� =
�. ���D� '��G����.  

1- ,#.�
� ��1J� KD� '. �;��</ �->�� ?0���  

���Z�-� '�+�	 K� E7S �/�. ,	
 '� '. d-I�/ E-�
�W ��#7 ���0
��:. ��� 0
 E�����O. Z�W�J/
 �v���/ n
�.
 �5+ ��. '� p�� 
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� ,����� �D� �. '-4�
 XV. ��

 =�� �. ��.�� '�'�"#�=�7 *-: =
�. ,-4�3; E�
 .��
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�D7 '. O-� 
� ��1J� K� 0
 �$3� ��C�
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�/3	�/�� ��J/
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2. Billingsley 
3. scaffolding 
4. Khusna 
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p�-; �$��� !��-C�� =�7�
O.
 '. �	��	� *�
O;
�7 � '����	=�7 ���0��� �A��� �M�
�J$� ,#���:� �7 '�B�=�7 ���D�@
  E-$mD7 �
=�7�
O.
 =���$; '���
� �$��� �=O-��� EJ�/ � ,�B/ �	
��) �$D��71 ��	�: �2 �4199 �V� �/ ��� ��C�
 ����$#��� � ��	��� =
�. ��I�; �(

 'A
�
��1J�=�7  2��� ,#-� p1� .�$$� �	��. ��.�� 
� =����6�Y�
� �� ?0��� ����. ���� �� ��$	 ?�� '��
� =��1� ������ K� ��
�/
����7) ���.3 st/ �4 �2006��
O��
 0
 ��� �;��</ �->��  '� ,	
 f�
� .(
 � E��/0�8 E��/�
��� ����1J� �G� 0 !�D�8
 � ���� ?0��� �� �7

�� '���
� 0
 ��J�	
 �. .��
� �0r =���-. ���0 �� q�� '� ,	
 �/������ 0
 ��� �;��</ =�7�->�� ?0��� .,	
 � =�<. *��D� �
�/
?�� �� '� ,�
� �;��</ �->�� 0
 =��1� ��$	 =�7'.Z��I �� ��-. ��
O��
���) ����s����
-0�����; � Ktmt4��- �OA��0
�2008 �. 2��� .(

�� ?0��� '. n��� �;��</ =�7�->�� d��3/ q�� =
�. ����C��
� 0
 ,	
�+�� '@�/ �,#.�
� �. �$�B� =�-���� �� .�$�p7���0  q�� '.
 �;��</ �->�� K� d��3/ '�
�
 �� .��
� ,-D7
 ����C��
�'.Z��I �� 'A
�
 ��0.���  

U/�LC 2 . �-$� ��;
 '��D� =��; �. �3.�/ �  �F-F8 =�7��� '��DC� �� '� ���.\  �$3� �,	
 �� d��3/� �→  �   �7  '� & ] � '. 
�  x ϵ \ �� � �����'.Z��I X(c) = x �c ϵ � �� '����.���  

 !�8
 �� �-��� �;��</ �->�� K� '� ���'$�
�  �� Z
�-->/'.Z��I λ = �x:  X(c) = x . c ϵ ��  ,	
� »'-�/��5 «)��;6  ��
��.7(  �;��</ �->���� �-��� ��$	��) ���2021 .(  

 =�-���� ,#.�
� �. �$�B� =�-������e� ?�� E�
 .,	
 ='. �=�-���� �� 9�Z��1� '. 0�-� '� ���7 ��� '. ���
� ��r�. ��-�V/ =�7
�� .���  

2-  KD� '. �;��</ �->�� ?0��������� g��@ M���/ �. �-��/ �. '��G� ���D�  

�� �;�3� !�D�8
 �� 
� ����� U-�V/ '� �$�#7 =�$D/��W �
O.
 �g�0�/ � !�D�8
 g.
�/ ��;��</ =�7�->�� .�$$��. 
 E� � ?0��� �!�8
 E�
 =�-������1J��7 �� �G� '. ��	 �7�{ �� d��3/ E�
 .,#-� ��	 :�	�»���W '� =
W�z�F-  =��; K� �� 'C-�� �7 '. 
� =��� �
�F� K�

�� |�<�+
 '��D��7�«���: q�� '. ��1J� E�
 
��0 � =
�. .��
� ���#. !�D�8
 � �7����-: =�� Z�-�D� ��;��</ =�7����-: ��;��</ =�7
���W '��DC� K� �;��</ �->�� U��B/ �� 0�. K� 2��3� '� ,	
 �0r �;��</ �->�� K� 0
��
:�� ,4�8 E�
 �� PF; .���. ��� �� �
�/

 g.�/ K� �
�$� '. 
� �;��</ �->�� ������� E�
 � ��� ,BVI �� !�D�8
 g�0�/ ���� 0
��
 ���:3/�� E-- =�7�->�� '� ,	
 �$3� �
�. E�
 .�$�
�� '�+�	 O-� ����� =�7�
O.
 2�	
 �. ��4�D�8
 =�7�
O.
 O@ '. �;��</ '� ��
 zr�D3� .' �
�$�  M���/ ���	�-.� �� Z�-���� 0
 ��k.

��) ���� ��
���D7 � 0�����72006.(  

h��� 0
 =��-#. K� �	�� =�7>��-� ;��</ 
� �� g�0�/ g.�/ � �'.Z��I �� d��3/ ��I
 �/
��B� � ���-. d���3/ ��.�� MN	 ��$$���.�� 
: ,4�8 �� MN	 �'�##� ,4�8 �� 
��.
 �;��</ =�7�->���� 'A
�
 '�	�- ��3. .�$7�,W��7  �;��</ =�7�->�� !HF�	
 � g�0�/ g.�/ ��8'.��Y 

�� d��3/ ���� �� =
�. '���
�@ K� =
�. ?�� E�
 .������ =�0��� �4� .,	
 h�+ E-��: f5	 �� !�D�8
 � ��0��� ��� K� =
�.
'��� �� �7����
� �<<k/ ����� � ���� �-G� ���7 �)'.��Y ��� �/(�	�$1� � ���� ����C��
�� g��@ ������ K� '��G� �. �-��/ �. M���/ �/

�� ��1$�-: '�	�-: � '�##� ��
�� c-W� Z�-AO@ '. ��D� '@�/ � �;��</ =�7�->�� '-�� =
�. ���D����.  

                                                           
1. Graesser 
2. Person 
3. Hanley 
4. Teltsch 
5. support 
6. space 
7. range 
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�->�� d��3/ 0
 �3.  �;��</
�� '-I�/ �g�0�/ g.�/ ���  �$3� ��3DC/ ��() = 	(
 ≤ ) �»�F. g.�/1«�$3� �  _�() = 	(
 > )  E-$mD7 �»q�$j g.�/2«� �$3�  ��!"(`) = inf� ∈ �:  ��() ≥ `� �` ∈ [0.1] .���� d��3/  q�$j g.�/
'-B� =
�.g�0�/ =0�	�� ��J�	
 '�	�-: =�7?�� ���	 �. �� 0
 M: zr�D3� � ���'-B� =�7�� �;�3� =0�	�� � g.�/ E�
 �;�3� ��
 ��

�F5$� ��� =
��.
 �� �� Z�-I�<+ �;�3� �MN	 .,	
 �/»��D�� !
����
- M-��-�	
3«  '@�/ �. g�0�/ g.�/ '.� �� ��1$�-: .������ �� =�7
�� ����C��
� '�;��-: ��.�#8 �. �3-BY 2�-W K� 
��0 ����� P�#� ��1J� E�
 �. ��8
� '. �$�
�/»� !
����
��D�4«  '� ���
� ��@�»=�7�D�5«  
  �.=�7�D� � �� E�O���@ �;��</ �->�� K� =
�. .���
  g�0�/ g.�/ �.�'�-	� '. ����� �-�
 �  !
����
��D��-M-��-�	
  

a(
) = 3  5�()7
!7  

�� d��3/ .����� '@��� ����C��
� �E�
�.�$. K� '� ����>��-� ;��</ E��
� =
�. ��
-� ������  �C$�
 � ���. '�	�-: �� '�##� ,#-� �0r
 0
 ��J�	
 ,�O���D�� !
����
- �� M8 ��D�� !
����
 =�@ '. M-��-�	
.��� !�T� K� ��S �.�  'B	�V��
-� ���� '�k-�� �;��</ =�7�->�� �

�� �
� f-��/ ?�� E�
 0
 ��J�	
 �. E-�/ �.���  

W�X� 3 . 6�7 �!�T� E�

 'B	�V��-� ���� �a(
)  '�k-�� �;��</�->�� =
�. 
!�T� �� 1  �4��j g.�/ .,	
 �� 'A
�
 ?�� P	�/

 ,D#W �. �{�$��:-�	��. ,	
 �.
�. ��->�� ' ,() = �´() = "@ � ∈ (−1.0) ∪ (0.1)�. ,	
 �.
�. ������-�
 E�
�.�$. . 

a(
)  =   0 ×  	(
 = 0)  +  1 ×  	(
 = 1)  + 3    ,() 5 +  3    ,() 5"
>

>
!"  

       = "d + e 6@  5 = "d.                                                                                                                    "!"          

c-W� Z�B�
 �. '�
�
 ���� �
� ���� =�/�� '���j '� ��� ��� d��3/ 0
 
� v	�: �
�/�
-� ���� '. ��� ,F-F8 E�
 &���� ,	��
�/� �� 
���'�;��-: !�D�8
 =�7 O-� �/���� ��J�	
  �;��</ �->�� '� ����0 .��-� �
�W
 �
���
�6  ����� �-�
 �,	
a(
)  P	�/ � ��
� ��@�

 !
����
��D��-M-��-�	
 �� 'B	�V�K� �!
����
 E�
 � ��� !
����
 n�DC� 0
 �8�-G� ��; f-VI ��� K� =
�. .,	
 �7 M = 2f + 1   �
�� �� '�  f > 0  0�. �(−1.1)  '.M '�I�;��0 �.
�. 

−1 = > < " < ⋯ < g < 0 < gh" < ⋯ < i = 1 

�� p-#F/  =
�. Z��I E�
 �� .���j[ = [h"  �+ = 0.1. … . M − 1     =�7�
�F� 

k�[ = �([h") − �([) 

�� }k��  =
�. MN	 .����+ ≠ f �� �
�W p-7�∆�[ = "@ ∆[�. ,	
 �.
�. !
����
 n�DC� . 

_i = J j[∆�[ = _i(") + _i(?) + _i(@) + _i(m)i!"
[O>  

                                                           
1. survival function 
2. quantile function 
3. Riemann-Stieltjes integral 
4. Riemann integral 
5. increments 
6. bounded 
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 �� �� '�_i(") = _i(m) = jg∆�g� _i(?) = ∑ j[∆�[g!"[O>  �_i(@) = ∑ j[∆�[i!"[Ogh"�C$�
 �� .  

_i(") = gh"[�(gh") − �(g)] i→7o⎯⎯q 0 r lim6→>h �() − lim6→>! �()t = 0 × (12 − 13) = 0. 
_i(?) = J j[  13 ∆[ = 13 J j[ ∆[

g!"
[O>  i→7o⎯⎯q 13 3 5>

!" .g!"
[O>  

_i(@) = 13 J j[  ∆[  i→7o⎯⎯q 13 3 5"
>

i!"
[Ogh"  

_i(m) = gh"[�(gh") − �(g)] i→7o⎯⎯q 1 r lim6→"h �() − lim6→"! �()t = 1 − (12 + 13) = 16. 
E�
�.�$. .�$�#7 ��D�� !
����
 '�  

a(
) = limi→7 _i = 0 + 13 3 5>
!" + 13 3 5"

> + 16 = 16 + 13 3 5"
!" = 16. 

 E-�/ �;��</ �->�� =
�. i-/�/ E-D7 '.V  !�T� ��2 �� �.
�. ������-�
 ��
� ���� �
�/a(V) = "? mD7 .,	
 0
 ,F-F8 E�
 E-$

 '5F� '. ,B#� g�0�/ g.�/ ���F/("? . "?) �� ,	� '. O-�.��� 

�� �G� '. �'�k-�� �;��</ =�7�->�� ���� =�	 0
 .,	
 ���$<� ����� ���+�	 K� E-�/ �;��</ �->�� �	�'.��Y p-. p�� �� 9�� �C$	
 n�� K� .���
� ��.���>��-� ;��</ �� i�Q
 '� '�k-�� �p-. p���� '@
�� �� �. �C$	 �JI �� !�D�8
 ��@ K� '� ,	
 'D-. �Y�k� p���

 ����
 n�W� ��� !�D�8
 ���
� ��@��� 4�8�'�  ���
 �
O-��. '@�/ '. �� �� ���
 '� E�
,-A���) ,	
 '�	�-: �;��</ �->�� K� ��7�1  ��
���D7 �
2005�� L�� ��0 !�T� �� �. 
� '��� E�
 .( p-7�!�T� =
�.)2�� ���-. =�72  �
���D7 �8200 .(�-$-B. 
�  

 W�X� 4. '�	�-: �;��</ �->�� �-$� ��; 
  K� �;��</ ��� (�r� i#8�.) 0
��
 �'D-. �T�
�8 �. 'D-. �
��
�W'��� u  �� �� '� ���. 	(
 > u) > 0. 0
 ��D� �;��</ Z��#+ ��
 u 'D-. ����. �;��</ Z��#+ ��B� U� ���� ,+
��: 
�0
 �;��</ Z��#+ ��
 �4� ��$�  u dF	 ��D7 �8 �� 'D-. ,+
��: ���� ���-. u �;��</ �->�� M: .,	
 V 'D-. P	�/ Z��#+ �7 =
�. ,+
��: U.�W ��B� �$3� � �. ��
'5.��  

V = Q
                                 +, 
 < uu                                +, 
 ≥ u 

�� }k�����  '5F� �� � ,	
 '�k-�� �;��</ �->�� K� '�u  � !�D�8
 ��@ 0�. ��    (0. u) g.�/ E-$mD7 .��
� !�D�8
 �4��j g.�/
 '�k-�� �;��</ �->��  g�0�/V  '5F� ��u  *1@ =
�
�  1 − ��()  � ,	
'.Z��I �� '���� ��0 :���  

�v() = w 0                                         +, 
 < 0��()                                  +, 0 ≤ 
 < u1                                        +, 
 ≥ u  

                                                           
1. Denuit 
2. Kaas 
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 !�D�8
 �4��j g.�/ � !�D�8
 ��@ g.�/V �. ,	
 �.
�. O-�  

,v() = Q ,�()                                         +, 
 < u1 − ��(u)                                 +, 
 = u 

  '� |�+ ,4�8 ���-�
O ;��</ Z��#+� . �
��
�W ��-'D 
�
�= 0�/�g �D���  ���
��: �.x ,	
p��
� �  

�v() = w 0                                         +, 
 < 01 − y!z6                                  +, 0 ≤ 
 < u1                                        +, 
 ≥ u  

,v() = {xy!z6                                         +, 
 < uy!z|                                         +, 
 = u  

 
�4����� �-�
 'D-. P	�/ Z��#+ �7 =
�. ,+
��: U.�W ��B���  / P	� !
����
��D��-M-��-�	
 '.Z��I �� 'B	�V� ��0:���  

a(V) = 3 xy!z6|
> + uy!z| = 1x }1 − y!z|~. 

 ���K . �
��
�W-'D . ,��� �Z��#+ �
0��-'D � �13���0 '� �������7= .-* 0
 ��B� 0
 :-* 3/--E  ��5 . '. 
�-'D .�$� ,+
��:0�. �
��

�E  ��B�5 ��� �
��
�W �#� �
�$� '.-� ��
 '. '@�/ �. .����'�$ 0��� 
 
 �,	
�E . ��B�-E .-'D�
�� 4�"#� '�-, 4�
-E  ��B�5 . 
��  �1�

. ,��� � ��
�-'D � ,+
��: 
� �� �
0�� ��@� Z��I �� '����$� #F/-p �����
�.�$. .�E .-'D4�"#� �
��-, f+M(
. 5)  � ��
� �1� �. 
�
. ,���-'D � 
� �� �
0����. ,	
 �.
�. '� �0
��:  


� = 
 − f+M(
. 5) = Q0                                         +, 
 ≤ 5
 − 5                                 +, 
 > 5 

 P	����k.� 
0 
 . ,��� '�-'D � ,F;
�� �� ,+
��: �.��$� '.Z��I �� 'B	�V� ��0:���  

a(
�) = a(
) − a}f+M(
. 5)~ = a(
) − 3 _�()5X
>  

 �;��</ �->�� '� |�+ ,4�8 ��
  �4��j g.�/ �. �/��: g�0�/ =
�
�  

,�() = W� � � + ���h" .         > 0 

 �F. g.�/ �,	
'.Z��I  

_�() = � � + ��� = �1 + ��!�
 

 ��G��
 ���� �
�F� ,��1� �� � �� 'B	�V��k.� 0
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